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Abstract
In this review we show how K-theory classifies RR-charges in type II string theory
and how the inclusion of the B-field modifies the general structure leading to the
twisted K-groups. Our main purpose is to give an expository account of the physical
relevance of K-theory and, in order to make it, we consider different points of view:
processes of tachyon condensation, cancellation of global anomalies and gauge fixings.
As a field to test the proposals of K-theory, we concentrate on the study of the D6-
brane, now seen as a non-abelian monopole.
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1 Introduction
D-branes play a central role in String Theory since they allow us to test the web of dualities
that relate the different string theories and, therefore, to find out which is the vacuum
manifold.
Besides the intuitive idea that D-branes are the hyperplanes where open strings can
end, there is a large amount of unsolved questions concerning them. One of the major
improvements in this subject was the discovery that D-branes are BPS states that carry
RR-charges, [1]. These charges are described in terms of p-forms potentials Cp for p taking
odd values in type IIA and even values in type IIB and, as diferential forms they were
studied in cohomological terms.
However, more recent research has revealed that the two defining properties of D-branes,
stated in the previous paragraph, should be handled with care. On one hand, Sen [2] has
shown that the BPS condition can be relaxed, [3, 4]. The original Sen’s conjecture involved
the bosonic string and his proposal is that the open string lives in the background of an
unstable D25-filling brane and the tachyonic mode is such that
i) its potential has a locally stable minimum, whose energy density measured with
respect to that of the unstable point is equal to minus the tension of the D25-filling
brane;
ii) the lower dimensional D-branes are solitonic solutions of the theory in the background
of this D25-brane;
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iii) the locally stable minimum corresponds to the closed string vacuum and, therefore,
there are no open string excitations.
These criteria can be easily adapted to the supersymmetric case. For type IIA we can
consider a system of unstable D9-filling branes [5] which, due to the action of the GSO
projection, do not carry any conserved RR-charge and have a tachyonic instability. For
type IIB, D9-filling branes carry a RR-charge and form a doublet of SL(2,Z) with the
NS9-branes. However, there is bound state which do have a tachyonic instability, and it is
the D9-D¯9 system, where the GSO projection does not cancel the tachyons coming from
the open strings with one end in the D9-brane and the other in the D¯9-brane.
However, there is a difference between the bosonic and supersymmetric constructions,
and it is the fact that, in the supersymmetric case, these unstable states do not neccesarily
deacy to the closed string vacuum, but they can carry lower dimensional charges, corre-
sponding to different stable states of the theory. With this construction one can recover
the whole spectrum of both theories and obtain some new results, such as stable but non-
supersymmetric states which are stable since they are the lowest states of the theory and
cannot further decay [2].
On the other hand, although the RR potentials are differential forms, they are not
classified by cohomology. Instead, RR-charges (and fluxes) arise as characteristic classes
in K-theory [6, 7, 8], a sort of generalized cohomology theory that establishes equivalence
relations, not between differential forms, but between fiber bundles.
Intuitively this can be understood from the fact that these RR fields in the bulk couple
to the Wess-Zumino (WZ) terms appearing in the effective world-volume theory of the
D-branes. Therefore, RR fields retain some information on the gauge bundles, the Chan-
Paton bundles, living in the world-volume and it is precisely this information which is
classified in terms of K-theory.
In the case of type II string theories the Chan-Paton degrees of freedom furnish rep-
resentations of the unitary group U(N) [9], where N depends on the number of D-branes
lying at the same location of space-time, producing an enhancement of symmetry. This
gives rise to the principal or vector bundles classified by K-theory.
Let us give a technical result, [6], that shows that the anomalous couplings on the
world-volume of D-branes, [6, 10, 11], imply that the D-brane charge can be interpreted in
terms of K-theory. Consider a space-time manifold S and a D-brane wrapped in a p + 1
dimensional submanifold W of it, so f : W → S denotes this embedding, and let N
denote the normal bundle to W. We can write the anomalous coupling as
IW =
∫
W
c ∧ Y (F , g) , (1)
where c is the pullback of the total RR-field, c = c(i) + c(i+2) + . . . with i even for type IIB
and odd for type IIA, and Y is a function of the restriction of the space-time metric g to
the world-volume of the D-brane and F = F − B, where F is the U(N) field strenght of
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the Chan-Paton vector field and B is the restriction of the Neveu-Schwarz (NS) 2-form B
on the world-volume of the D-brane.
The subtleties come from the study of the function Y . In [10] it was found to be
Y (F , g) = ch (E) f ∗
(√
Aˆ (T S)
)
, (2)
where ch (E) is the Chern character of the Chan-Paton bundle, E, on the D-brane world-
volume
ch(E) = trN exp
( F
2π
)
. (3)
T S denotes the tangent bundle to space-time S, f ∗ the pullback and Aˆ is the Dirac genus,
defined as
Aˆ =
n∏
i=1
xi/2
sinh xi/2
, (4)
where xj = 1 + Ωj/2π and Ωj is the field strenght of the connection on the T S bundle.
However, when the normal bundle to the brane has non-trivial topology, Y is modified,
[6], in order to include this effects
Y (F , g) −→ Y (F , g)e d2 Aˆ (T W)
f ∗Aˆ (T S) , (5)
where d ∈ H2 (W,Z) is minus the first Chern class of the normal bundle, c1(N ), and its
reduction the second Stiefel-Whitney class, w2(N ), therefore, its reduction mod 2 defines
a Spinc structure on the world-volume W.2
The equations of motion for the action including the couplin (5) allows us to write
down an expression for the RR-charge, as an element of H∗(S), of the D-brane wrapping
a supersymmetric cycle W as
Q(E) = ch (f!E)
√
Aˆ (T S), (6)
where f! denotes the pullback for bundles.
Equation (6) has a very nice interpretation in K-theory since it can be seen as a modified
Chern character, giving a ring homomorphism
ch : K∗(X,Q) −→ H∗ (X,Q) , (7)
that is is an isometry with respect to the usual pairing both in cohomology and in K-theory,
the former being
2This can be seen in terms of the Whitney sum rule, which implies that for an oriented and spin
space-time manifold and an oriented world-volume, w2(N ) = w2(W).
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H∗ (X,Q)⊗H∗ (X,Q) −→ Q, (8)
given by
〈ω1, ω2〉DR =
∫
X
ω1 ∧ ω2, (9)
while the pairing in K-theory is given in terms of the index theorem for the Dirac operator
as
〈Q(E), Q(E ′)〉 = index (E ⊗E ′) . (10)
The argument we have just given presents a formal evidence that D-brane charges
should be classified in K-theory. However, this not the only one. Another argument
is that Bott periodicity3 is reflected on the spectrum of type IIA, type IIB and type I
string theories. Another crucial point is the fact that ordinary cohomology is not able to
explain the shifted quantization rules for RR-fields (see for example [12]) nor the precise
multiplicative laws [7].
Moreover, K-theory is a natural framework to study the tachyon instabilities of Sen in
what is known as the Sen-Witten construction.
However, although very powerful, the study of processes of tachyon condensation may
be considered as somehow speculative, since we have to turn to certain states that do not
exist in the spectrum of our theory. This impels us to consider two more different points
of view supporting this construction, the cancellation of global anomalies in the string
world-sheet with D-brane boundary conditions [13], the Freed-Witten anomaly, and the
topology of gauge fixings [14] in terms of the ’t Hooft’s abelian projection [15].
For vanishing B-fields, the Freed-Witten anomaly (see section 2.3) states that if the
spinors cannot be defined globally, i.e. the second Stiefel-Whitney class w2(W) does not
vanish, the Dirac operator cannot be defined as a number and the D-brane world-volume
must posses a Spinc structure in order to have a well defined string partition function.
This is the same structure that appears in the anomalous couplings and leads again to an
interpretation in K-theory, in terms of the Atiyah-Bott-Shapiro construction [16].
On the other hand, since K-theory classifies fibre bundles, one of its deepest implications
is that there is a field theory underlying string theory which, in turn, states that the
supergravity solutions should be put in correspondence with solitonic solutions of this field
theory.
In type IIA we can interpret this gauge theory as the Yang-Mills theory defined on
the world-volume of the system of the unstable D9-filling branes. This field theory is, in
general, non-abelian, because of the enhancement of symmetry, and, in the simplest case,
we obtain an abelian gauge theory, i.e. a single D-brane. However, this presents a subtlety
3see section 2.2
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and it is that even when the system does not incorporate lower dimensional charges, we
have gauge structure in the closed string sector.
A way to gain some intuition on the physical meaning of this gauge theory is the ’t
Hooft’s abelian gauge fixing. This construction shows how solitons arise as singularities
in the context of a local gauge fixing, so it is tempting to conjecture that D-branes could
be understood as the singularities arising from the gauge fixing in this underlying gauge
theory [14].
The main focus of this paper is to review the role played by the B-field. Therefore,
once the previous structure is presented, we will see how the presence of this NS 2-form
modifies arguments leading to the twisted K-theory [17, 18], sometimes known as K-theory
with local coefficients.
However, including the B-field forces us to be more carefuly since we find different
algebraic structures depending on whether or not the B-field is flat (torsion). If the B-field
is pure torsion, we can see that the theory on the D-brane world-volume is described in
terms of certain algebras that are isomorphic to the set of matricesMm (C), [19] , which can
be interpreted as the algebraic statement that says that the B-field turns the world-volume
gauge theory into a non-commutative one, [20].
However, when the B-field is non-torsion (for example in the presence of NS5-brane
charges), we must consider a principal bundle over a separable Hilbert space and the
previous algebra is replaced by the C∗-algebra of compact operators over this space [21].
The most remarkable property of this bundle is its uniqueness which, when we restrict to
the torsion subgroup, is lost and we obtain a non-unique locally trival bundle, depending
on the choice of different but Morita equivalent algebras.
Here we find another question which concerns the number of initial D9-branes needed
to have a well defined construction. Suprinsingly, it seems that this number is indeed
infinite, which is difficult to interpret physically.
However, the mathematical set up predicts it very naturally. Let us look for the moment
to ordinaryK−1 theory. In this case, the characteristic classes of the K-group are computed
from maps to the infinite unitary group, [22, 23]. In twisted K-theory one adds to this
structure the one carried by the H-field, which only changes PU(H)-equivariance, [17, 21].
A proper interpretation of this state with infinite D9-filling branes seems to go over
the problem of the Z2 symmetry that appears in the process of tachyon condensation [24].
And, more interesting, can be related to the problem of cancellation of global anomalies
in terms of K-homology [25, 26] since it classifies both, cycles and gauge fields, and has,
therefore, room enough to cover the structure of D-branes and allows us to define them as
Fredholm modules (see for example, [27]). Moreover, K-homology seems the natural way
to understand the role played by the eleven dimensional E8 bundles, [28]
In the last section of this review we will explore some connections between eleven
dimensions and K-theory in the context of the D6-brane. As we will see, K-theory interprets
the D6-brane as a non-abelian monopole. Our goal in this section will be the identification
of the electric degrees of freedom as coming from the eleven dimensional 3-form, [29, 30].
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2 K-theory in string theory
In this section we will see how K-theory appears in the context of type II string theory
giving rise to the whole spectrum of the theory. We will not review K-theory in a purely
mathematical context, refering the reader to the extended literature on this subject (an
incomplete list of references is [22, 23, 17], see also [31]), but we will present it directly in
the different contexts trying to give a clear exposition of the crucial concepts needed.
The organization is as follows. Firstly we will see how the processes of tachyon conden-
sation leads to K-theory, then we will explain how the conditions for the cancellation of
global anomalies in the string partition function leads to the same topological obstructions
and so to the interpretation in terms of K-theory. Then, assuming that K-theory is the
right theory for the classification of RR-charges, we will explore the physical meaning of
the D-branes as singularities appearing in the gauge fixing.
2.1 RR-charges in Type IIB
Although this paper will be mainly concerned with type IIA string theory and the predic-
tions that the classification of RR-charges in terms of K-theory makes, it seems that the
appearance of K-theory is more natural in type IIB, the reason being the existence in this
theory of an RR 10-form to be associated with a D9-filling-brane.
A known fact is that, due to the SL(2,Z) symmetry of the equations of motion, type
IIB string theory contains in its spectrum (p, q) 9-branes carrying NS-NS 9-brane charge
p and RR 9-brane charge q [32]. Let us, then, take a system of N D9-branes and N’
D9-branes wrapped on a spacetime manifold X . The stack of N D9-branes carry a U(N)
Chan-Paton bundle and the N ′ D9-branes carry a U(N ′) Chan-Paton bundle, so the whole
system possesses a U(N)× U(N ′) symmetry.
In this system we can have (p-p), (p¯-p¯) and (p-p¯) strings. The strings with its both
ends in the same kind of brane have the usual GSO projection, while the (p-p¯) strings
have the opposite one, which implies that the lowest mode in the NS-sector is a tachyon
transforming in the (N, N¯ ′) of U(N)× U(N ′) [33, 34].
The precise language representing this configuration is that of Quillen’s superconnection
[35], i.e. we represent the connection of this system of branes as
A =
(∇+ T
T¯ ∇−
)
, (11)
where the ± signs stand for branes or anti-branes. This superconnection represents the
lowest fields surviving the GSO projections. The ∇± are connections coming from the
open string sector with both ends on the branes (anti-branes) and have the usual GSO
projection, while T is the tachyon field, which comes from the sector with one end in each
kind of brane and, therefore, have the opposite GSO connection.
The effect of this open string tachyon is to turn the system unstable and, therefore, it
must decay into a stable state. This condensation process can lead either to an elementary
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state, i.e. a state whose charge does not differ from that of the closed string vacuum [3],
or to a stable D-brane state. This last state carries a charge that is preserved under the
addition of elementary charges, which is implemented in terms of creation or anihilation
of elementary (D9-D9) pairs [7].
It is worth to stress that what is said for (D9-D9) pairs, can be said for (Dp-Dp),
for p odd. However, it is useful to consider D9-branes as a starting point since then no
configuration of lower dimensionality is lost, i.e. starting, say, from (D7-D7) lying in the
codimension 89 plane, we lose all the posible D-brane configurations in this plane. Anyway,
this is not a trivial statement, and the question under what conditions we can really say
that any brane comes from this bound state will be studied in 2.3 in the global context.
What we have said allows us to establish the following equivalence relation
(E, F ) ∼ (E ⊕H,F ⊕H), (12)
where E and F denote the Chan-Paton bundles of the initial system and H denotes the
Chan-Paton bundle of the elementary pair. However, this equivalence relation defines
precisely the K-theory group of X :
K(X) = K˜(X)⊕ Z, (13)
where K˜(X) is the reduced K-group defined as follows. Let us fix a basepoint in X and
take the inclusion i : pt →֒ X and its induced map in K-theory i∗ : K(X)→ K(pt) = Z,
then we can define K˜(X) = ker i∗. The Z in (13) represents the difference between the
number of D and D-branes. However the cancellation of tadpole anomalies implies that
the number of D-branes and D-branes must be the same. All this indicates that D-brane
charges in type IIB are classified by K˜(X).
If the condensation process leads to a stable lower dimensional D-brane wrapping a
submanifold Y in spacetime, we can interpret the tachyon field as a Higgs type excitation.
The dynamics of this condensation will then be such that the tachyon rolls down to the
minimum of its potential, T = T0, and breaks the gauge group down to its diagonal
subgroup:
U(N)× U(N) −→ U(N). (14)
The stable values of T0 correspond to the vacuum manifold
VIIB(N) = U(N)× U(N)
U(N)
, (15)
which is topologically equivalent to U(N). There is, however, an unsolved puzzle, and it
is the fate of this U(N) in the case of an elementary pair, since we expected to end in the
closed string vacuum which does not contain, in principle gauge groups [36].
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The interesting point is that the stable soliton solutions will be classified in terms of
maps from the compactly supported space-time manifold into the vacuum manifold, such
that the charge of the soliton will be the winding of this map
πm (VIIB(N)) = Z, (16)
and we are left with a D-brane wrapping a submanifold Y of X . According to Bott’s
perdiodicity, the nontrivial windings are related to configurations with m = 2k. In order
to find out the relation between this 2k + 1 and the initial number of branes, we can
consider what has been called the “stepwise construction” [7].
Following the initial construction of Sen, we look for a codimension two soliton solution
in the core of the unstable system (Dp-Dp), with gauge group U(1) × U(1). To give rise
to a new system consisting in a pair (D(p− 2)-D(p− 2)) we should start with a system of
four branes, and this produces a codimension four object. This implies that we can recover
a Dp-brane from a system of 2k−1 pairs of (p+2k)-branes and antibranes.
We can then write the sequence
π2k
(VIIB (2k−1)) = π2k−1 (U(2k−1)) = Z. (17)
Now we have to construct a generator of this map, i.e. the tachyon field. In order to
do this, we follow the Atiyah-Bott-Shapiro construction [16]. In the codimension 2k space
we have a SO(2k) group of rotations which can be lifted to give two spinor bundles: S±,
of dimension 2k−1, which define a K-theory class via
[S+]− [S−]. (18)
The tachyon vortex will be given by
T (~x) = ~Γ · ~x, (19)
which has winding number 1, is a generator of π2k−1
(
U(2k−1)
)
and is a map between the
two spin structures T : S+ −→ S−. Indeed, (19) is a generator of the compactly supported
relative group K
(
B2k, S2k−1
)
, where
K
(
B2k, S2k−1
)
= K
(
B2k/S2k−1, pt
)
= K˜
(
S2k
)
. (20)
2.2 RR-charges in Type IIA
In order to describe the relevant K-groups for type IIA string theory, let us remind the
existence of the so-called higher K-groups [23], defined to be
K−n(X) = K(ΣnX), (21)
where ΣnX ≡ Sn ∧X . In addition we have Bott’s periodicity, which states
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K−n(X) = K−n+2(X). (22)
It is tempting to say that type IIA string theory will be described in terms of equivalence
classes of K−1. Indeed, as X = Sn, then ΣSn = S1 ∧Sn ≃ Sn+1 and following the relation
between K(X) and homotopy, we have
K−1
(
S2n
)
= 0, (23)
K−1
(
S2n+1
)
= Z. (24)
This implies that we can have solitonic objects associated with a codimension odd
space. These correspond precisely to the D-branes in type IIA. The definition we have just
made of K−1(X) is known as the “M-theory definition” since it requires an extension of X
by an S1. In section 2.5.1 we will consider another definition which does not make use of
this extension and will be refered as the “stringy definition”.
For computational purposes it is useful to set the relation with homotopy
K−1(X) = [X,U(∞)] , (25)
where [A,B] denotes the classes of homotopy of maps A → B and U(∞) = ∪∞k=1U(k) is
the infinite unitary group, then it can be shown that
K−1(Sn) = πn−1 (Gr(k, 2k;C)) , k > n, (26)
where Gr(k, 2k;C) = U(2k)
U(k)×U(k)
are the Grassmannians, which represent a finite-dimensional
approach to the universal classifying space BU . In view of this, we can say that this space
of Grassmannians is the vaccum manifold for type IIA string theory. Let us see how to
check this.
For our purposes it will be useful to introduce an unstable D9-brane [5]. This may seem
strange since there is no RR-charge associated to this object, and we could repeat the pro-
cess as in type IIB although in this case we should start from a (D8-D8) system. However,
as we have already mentioned, this procedure would result in losing some configurations.
The boundary state of this D9-brane is
|D9〉 = |D9,+〉NS + |D9,−〉NS, (27)
and, since the GSO projection acts as
(−1)FL,R|D9,± >R= |D9,∓ >R, (28)
on RR states, there is no GSO invariant combination of these states
PGSO|D9〉R =
(
1− (−1)FL) (1 + (−1)FR) |D9〉R = 0. (29)
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This, in turn, implies that there is no condition on the cancellation of RR tadpole anomalies
so we can have any number of 9-branes. In particular nothing prevents us from having an
infinite number of them and this is the basis of some subtle questions concerning whether
or not this infinite has a real physical meaning, although different arguments point to it.
The condensation of the tachyon field depends on the explicit form of the tachyon
potential, which is not known. However, from certain computations in open string field
theory we can conclude that it is an even function of T and that the minima can be written
as ±T0. This implies that, after the condensation, the vacuum manifold is
VIIA(2N) = U(2N)
U(N)× U(N) . (30)
We can now look for the number of D9-branes needed to recover a codimension (2k+1)
D-brane. This number can be obtained again in two ways, the stepwise construction or in
terms of the spinor bundle structure on the normal space to the brane world-volume. Both
methods give the result 2N = 2k. Then, the stable tachyon vortices are characterized by
classes in
K−1(Sn+1) = πn
(VIIA(2k)) = {Z , n = 2k,0 , n = 2k + 1. (31)
The precise form of the tachyon field will be determined, again, by the condition of
being a generator of these homotopy groups. In this case, the system of 2k D9-branes
supports a U(2k) gauge theory. This group defines the Chan-Paton bundle and is taken to
be the spinor bundle (which is now irreducible) of the group of rotations in the transverse
space to the world-volume of the Dp-brane, SO(2k+1). In this way the tachyon field will
be a map T : S → S, i.e. an automorphism of the Chan-Paton bundle on the D9-branes.
A field satisfying all the conditions above is
T (x) = Γmx
m, 1 ≤ m ≤ 2k + 1. (32)
This tachyon, although similar in form to (19), has a different meaning, since it is now
a generator of K−1
(
B2k+1, S2k
)
.
As the tachyon field corresponds to an automorphism of the spinor bundle, it is a field
transforming in the adjoint representation of U(2k) and, therefore, carries no topology.
Then a map like those taken place in (31) has only meaning if the number of D9-branes
is indeed taken to be infinity. We can now recall, [23], that the K−1(X) group can be
defined in terms of such an inductive limit. Therefore, the infinite number of D9-branes
has a perfect mathematical meaning.
However, the definition of the vacuum manifold seems to imply that we only need a
finite version of the K−1-group, and we may wonder to what extent this is true. In fact,
in order to properly define the D8-brane charge, we need this infinite number of initial
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unstable D9-branes, since this charge should be associated to a single homotopy group,
which is
π0 (O(1)) = π0 ({±T0}) = Z2. (33)
We inmediately see that this class does not represent a charge. The solution for this
problem is taking the full K−1 (S1) = Z and not the finite version of (31). Therefore, the
group of D8-brane charges has an infinite number of filling branes [5].
The most important example for us will be the codimension three case, since this
represents a D6-brane. Now we begin with a stack of two unstable D9-branes. The
vacuum manifold corresponds to U(2) gauge theory broken down to a U(1)× U(1) by the
process of condensation
V = U(2)
U(1)× U(1) , (34)
where the tachyon vortex takes the form
T = xiσi, (35)
being the σi the Pauli matrices. In this case, the relevant homotopy groups sequence is
π3(U(2)) = π2(U(2)/U(1)× U(1)) = π1(U(1)) = Z. (36)
We can now impose the finite energy conditions for this soliton, see 5.1, which tie it to
the non-trivial U(2) gauge field
Ai(x) =
1
|x|2
(
1− |x|
sinh |x|
)
Γijx
j . (37)
The homotopy sequence and the gauge field imply that the D6 brane is a ‘t Hooft-
Polyakov monopole for a U(2) gauge theory [5, 29].
In the two previous examples, we see a main problem with the K-theoretic classifica-
tion of RR-charges, and it is the appearance of a Z2 symmetry, either due to the graded
distribution of the eigenvalues of the tachyon field or to the structure of the homotopy
group. In the D8-brane case, this is solved by taking the whole group. For the D6-brane
this also seems to be the solution, [24]. However this solution is rather subtle, as we will
see in section 4.5, and does not provide us with a complete solution.
2.3 The global construction
All the treatment we have made in the previous sections relies in the assumption that we
can define the spinor bundles globally, i.e. that the Chan-Paton bundles over the Dp-branes
can be trivially extended over the whole space-time manifold X . However, in general this
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is not the situation. This section is devoted to review a construction which allows a proper
definition of the K-groups in such situation [7, 16, 31].
Let us discuss the situation in the type IIB context. The previous construction can be
described in the following terms. Let us take a space-time manifold X and a complex line
bundle L over it. Now suppose we are given a submanifold Y of X which will represent a
Dp-brane. The tachyon field will be a section of L vanishing at Y and of constant length
otherwise. The Dp-brane charge of Y can be seen to arise if we consider a D-D(p + 2)
system such that the D-brane has a U(1) connection on L and the U(1) over the D-brane
is trivial. It is clear that the tachyon is a section of this U(1)× U(1).
Now suppose we want to include in Y lower dimensional charges (this is the same of
asking under what conditions all D-branes in the spectrum can arise from a system of N
(D9-D9)-branes) then, over Y we will have another line bundle M. If this M can be
extended over the whole X the Dp-brane can be described in the same way as before but
now taking on the D(p+ 2)-brane the bundle L ⊗M and on the D(p+ 2)-brane M.
In the general case, however,M does not extend over X and we have to use a construc-
tion due to Atiyah-Bott-Shapiro by taking a tubular neighborhood Y ′ of Y . Let (E, F ) two
vector bundles over Y that define a class in K(Y ) and by means of the inclusion map we
can take this class to K(Y ) on the closure of Y ′. Then the tachyon field, being T : F → E,
will be an isomorphism when restricted to the the boundary Y ∗. If F can be extended
from the boundary to X ′ = X − Y ′ then it can be defined over the whole Y and by means
of the isomorphism with E on Y ∗ it can also be extended over the whole X . However, if F
cannot be extended, we can take another vector bundle H such that F ⊕H is trivial over
Y and over Y . Now we can define the K-theory group K(Y ) in terms of the replacement
(E, F ;T )→ (E ⊕H,F ⊕H ;T ⊕ 1). (38)
In the case of type IIB the bundles (E, F ) will simply be the spinor bundles S±. However,
another obstruction appears if we cannot define these spinor bundles.
In order to understand this obstruction, let us consider the following exact sequence
0
α−→ Z γ−→ 2Z β−→ Z2 δ−→ 0, (39)
where exactness means that the kernel of an application is the image of the previous
one, so this sequence reads as follows. The first map takes the zero into the zero in the
integers implying that ker γ = {0} so γ is injective. On the other hand β being onto, is an
epimorphism, since ker δ = {Z2} and this is the image of 2Z under the mod 2 reduction β.
This sequence induces a cohomology long exact sequence
. . .H2 (X, 2Z)
β∗−→ H2 (X,Z2) ∂
∗−→ H3 (X,Z) γ∗−→ H3 (X, 2Z) β∗−→ . . . , (40)
where ∂∗ is the connecting homomorphism. Now let us take characteristic classes c1 ∈
H2(X,Z), w2 ∈ H2(X,Z2) and W3 ∈ H3(X,Z), which are respectively the first Chern
class, the second Stiefel-Whitney class and the third integer Stiefel-Whitney class. We use
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again the exactness of this sequence, which now says that if W3 = ∂
∗ (w2). Then w2 lifts to
c1 mod 2 iff W3 = 0, which is precisely the condition for a Spin
c structure (see e.g. [37]).
This is easily seen by recalling that the obstruction to lift SO(n) to Spin(n) is this w2
0 −→ Z2 −→ Spin(n) −→ SO(n) −→ 0. (41)
However, if this class is the reduction mod 2 of an integer cohomology class we can construct
the Spinc bundle where
0 −→ U(1) −→ Spinc(n) −→ SO(n) −→ 0, (42)
and the Spinc group will be a twisted bundle S ⊗ L that can be written as
Spinc(n) = Spin(n)× U(1)/Z2. (43)
In the language of transitions functions of the bundle, the fact that w2 6= 0 implies that
the cocycle relation satisfied is
gijgjkgki = φijk, (44)
where gij ∈ SO(n) and φijk : Ui ∩ Uj ∩ Uk → Z2 is the 2-cochain defining w2. Then the
twisting by L is such that it cancels this 2-cochain and defines a good bundle. This is
possible if L = K1/2 has transition functions staisfying fij = ±h1/2ij with hijhjkhki = φijk,
then the transition funcions gijhij close to one in the cocycle.
The relation with K-theory can now be established by saying that the tachyon is a map
between these Spinc bundles. For type IIB the tachyon will be a map T : S+ ⊗K1/2 →
S− ⊗K1/2 and as for type IIA we don not have this graded spin bundles, the tachyon will
be again an automorphism T : S ⊗K1/2 → S ⊗K1/2.
This global construction implies that a brane can wrap a supersymmetric cycle W only
if W3(W) = 0, although we are not imposing any conditions for more than one D-brane,
where it could be possible anyway.
2.4 The Freed-Witten anomaly
In this section we will adopt what could be considered as a more conservative point of
view, that of cancellation of anomalies [13]. The conditions we will find will be exactly the
same we have already found in section (2.3) concerning the obstructions to have a globally
defined construction.
The Freed-Witten anomaly arises in the string theory path integral from open Riemann
surfaces that end on the D-brane. In this section we will deal only with the case of vanishing
Kalb-Ramond B-field, postponing the study of this case until section (3.3) where we have
already defined all the precise mathematical tools involving this field.
Once the fermions are integrated, the relevant factors in the string path integral are
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pfaff (D) · exp
(
i
∮
∂Σ
A
)
, (45)
where pfaff (D) is the Pfaffian (the square root of the determinant) of the Dirac operator of
the Rarita-Schwinger field, and A is the Chan-Paton vector field in the U(1) gauge theory
on Q.
The study of index theorems for families and determinant line bundles (let us denote by
L the determinant line bundle, which is a smooth complex line bundle) gives a geometric
picture that states that L has a natural connection whose curvature represents the local
anomaly and its holonomy the global one [38, 39, 40].
This holonomy is found as follows. Let us take a loop γ : S1 → X , then the S1
parametrizes the family of Dirac operators obtained by pullback. If we couple the Dirac
operator to a vector bundle π : E → X . We endow the S1 with a metric and require
independence on it, which means that we rescale it by g(S
1)/ǫ and see the behaviour in
ǫ→ 0. This procedure is an adiabatic limit. The holonomy is then taken to be
hol Det
(
Dγ
−1
(E)
)
= a-lim e2πiξ, (46)
where ξ = ηE+hE
2
, being hE the dimension of the kernel of the Dirac operator and ηE the
eta invariant, defined by analytic continuation as the value of
ηD [s] =
∑
λ∈spec(D)\{0}
sgn (λi) |λi|−s, (47)
at s = 0 [41].
This determinant bundle has a natural square root, the Pffafian line bundle. The main
result in [13] is that the sign of the Pfaffian cannot be well defined as a number.
In fact, let us take type II string theory on a spacetime X , and take a one parameter’s
family of world-sheets Σ parametrized by a circle C, we can define the map φ : Σ×C → X
and φ (∂Σ× C) ∈ Q. When we go around the loop C, the holonomy of the Pfaffian is the
sign factor
(−1)(∂Σ×C,φ∗(w2(Q))) , (48)
where w2(Q) is the second Stiefel-Whitney class of Q. This power can be rewritten as
α =
∫
∂Σ×C
w2(Q) = (∂Σ× C,w2(Q)) = (∂Σ× C,w2(ν)) =, (49)
once we consider φ : ∂Σ×C → Q as an embedding, and where we have used the Whitney
sum rule in the last equality, for ν the normal bundle.
This clearly implies that if w2(Q) is non-zero, the Pfaffian is not well defined as a
number, which implies that the second term in (45) must have the same ambiguity in
order to have a well-defined path integral. Tracing back to the previous considerations on
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Spinc manifolds, we see that this is the same condition, i.e. if we cannot define spinors
globally, the bundle over the D-brane world-volume admits a Spinc structure.
The compensating ambiguity in sign can be obatined from the spin connection in terms
of the following product
TrP exp
(∮
∂Σ
ω
)
· exp
(
i
∮
∂Σ
A
)
, (50)
where ω is the spin-connection, which has SO(N) as group structure and whose holonomy
is defined up to a sign due to the double cover of Spin(N). The product considered in (50)
is then well defined.
Equation (50) represents spinors of charge 1 with respect to A, and so they are not
sections of the spin bundle associated but of the twisting of it by the hermitian line bundle
of which A is a section. Then the connection on the Spinc bundle over Q can be written
as ω + A.
2.5 Another point of view: the Abelian Projection
The usual perturbation theory is blind to the compactness of the gauge group and, in this
way, it does not see certain relevant variables related with non-trivial topological effects,
such as instantons or monopoles. In [15] a ghost free unitary gauge was proposed in
order to isolate these variables such that one could have a deeper knowledge of the fields
involved in the confinement problem. The key point is that certain singularities, seen as
Gribov ambiguities in the gauge fixing, have the physical meaning of being precisely those
variables.
The way to proceed is to fix the gauge as locally as possible. To perform this gauge
fixing, let us take an extra field X transforming in the adjoint representation of the gauge
group, then it is a N ×N hermitian matrix and, generaly, traceless. The most important
feature of this field is its transformation law, not the field itself:
X → X = ΩXΩ−1, (51)
in such a way that it does not involve either derivatives of Ω nor Ω evaluated at different
points.
As the eigeinvalues of X are gauge invariant, we will choose the gauge such that X
is diagonal. To make this we can introduce some Lagrange multipliers to cancel the non-
diagonal terms:
Lgauge =
∑
i<j
αijX
ij . (52)
This leaves X as
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X =
λ1 0. . .
0 λN
 , (53)
where the eigenvalues will be given certain order presciption. For example, if X lives in
the Lie algebra of SU(N), we can write l1 ≥ l2 ≥ ... ≥ lN .
However, this does not fix completely the gauge, due to the fact that Ω is defined up
to multiplicative factors
d = diag (exp(iα1), exp(iα2), ..., exp(iαN )) ,
∑
i
αi = 0, (54)
where (d) is the larger Cartan, or abelian, subgroup: (d) = U(1)N−1 ∈ SU(N), and forms
a residual local gauge group: U(1)N/U(1) = U(1)N−1. The transformed gauge field of X
will be X again only if it commutes with Ω, which, in turn, is only possible if it is also
diagonal: (d).
This residual gauge symmetry can be fixed as in QED by means, for example, of the
Lorentz gauge:
Lgauge,abe =
N−1∑
i=1
βi∂µA
µ
ii, (55)
so the total gauge fixing Lagrangian takes the form
Lgauge =
∑
i<j
αijX
ij +
N−1∑
i=1
βi∂µA
µ
ii, (56)
which gives us the dimension of the group of transformations in terms of the number of
Lagrange multipliers: 2
N(N−1)
2 +N − 1.
Now we can see that we have all the features of an abelian gauge theory with N − 1
fold multiplicity, i.e. with gauge group U(1)N−1. The residual gauge transformations act
in the field as
(Aµ)ii → (Aµ)ii − 1
g
∂µΛii, (57)
(Aµ)ij → exp(i(Λi − Λj))(Aµ)ij . (58)
As the diagonal gauge fields transforms as N gauge potentials with the extra condition∑
i(Aµ)ii = 0, we will call them photons. All the other fields transform as N(N − 1)
charged vector fields. We will name this non-diagonal photons electrically charged gluons.
The existence of these fields is important because in a theory like QCD we have electri-
cally charged quarks and gluons and a mechanism for confinement will take into account
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both fields. Moreover, these gluons are massive, due to the fact that they are not protected
by gauge invariance because we have eliminated the non-diagonal symmetry
(DµX)ij = ∂µXij + ig(li − lj)(Aµ)ij, (59)
Tr(DµX)
2 → (∂µX)2 + g2(li − lj)2(Aijµ )2. (60)
Fortunatelly, the theory is not exactly U(1)N−1, something has survived of its non-
abelian nature, which resides in the singularities of the gauge fixing, which appear whenever
li = lj , because in this case the composite eigenvectors of Ω are not well defined. Then
Ω has a line of directional singularities, which can be interpreted as the worldline of a
magnetic monopole. For example, in the SU(2) case, the conditions that the hermitian
matrix
X = a0I + aiσi, (61)
has two coinciding eigenvalues is
ai = 0, (62)
i.e., three conditions. This example serves us as worm up exercise for the more general
case.
Let us take X as the Higgs field for a grand unification theory with the symmetry
spontaneously broken SU(N)→ U(1)N−1. Near the singularity, it will take the form
X =

. . . 0
l 0
0 l
0
. . .
+ 3∑
k=1
ak(x)
 . . . · · ·σk
· · · . . .
 , (63)
where we have made use of a parametrization of the SU(2) subset in terms of the Pauli
matrices. The first term on the r.h.s of (63) is gauge invariant, while the second one will
vanish, as in the previous example, when we approximate some subspace where
x→ x0 : ak(x)→ 0 k = 1, 2, 3. (64)
Generically these three conditions eliminate three planes meeting at x0, which fixes, in
three dimensions, a point, while in four dimensions fixes a (world) line.
Now we can make ak(x) = (x − x0)k and, at x0, the residual symmetry is enhanced
from U(1)N−1 to U(1)N−3 × U(2), which is non-abelian, and these degrees of freedom are
magnetic monopoles with respect to this symmetry.
This is not difficult to see, because the parametrization used near the singular point
allows us to define a projector from the field
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X =
3∑
i=1
xiσ
i, (65)
at infinity, as
Π± =
1
2
(1±X) , (66)
which, in turn, allows us to decompose the trivial bundle S2 × C2 in two different line
bundles E±, taking into account the projection over C
2, and the magnetic monopoles are
defined by the associated principal bundles, with charges gi = (0, ...0, , 1− 1, 0, ...0).
These magnetic monopoles will acquire mass since there is nothing to prevent them
from getting it, so electromagnetism provides the only long range fields, the N − 1 U(1)
photons.
2.5.1 K-theory and the Abelian projection
In sections 2.1-2.3 we have described D-branes in String Theory as certain solitons arising
from the condensation of the tachyon field, interpreted as some kind of Higgs excitation.
However, in the previous description of the singularities in the gauge fixing, we have found
the equation (63), which allowed us to identify the extra degrees of freedom in the non-
abelian theory as magnetic monopoles. This equation resembles (35), which allowed us to
interpret the D6-brane as a ’t Hooft-Polyakov monopole. It seems tempting to interpret
D-branes as singularities of the gauge fixing and lift this interpretation to K-theory [14].
This interpretation is possible, as we already mentioned in the introduction, since we
will interpret the K-theoretical classification of RR-charges as indicative of some field theory
degrees of freedom underlying string theory. In type I string theory one could say that this
gauge theory is given in terms of the SO(32) gauge symmetry, however it is far from clear
what should it be in type II.
Whatever it is, it is clear that this gauge theory, as formulated is related to the open
string sector via Chan-Paton bundles and open string tachyon condensation, and we do not
know what modifications arise when we finally understand how to implement the closed
string sector.
In the next chapters, however, we will deal with a first step towards this direction, and
it is the inclusion of the NS 2-form field. As we will see the modifications it brings are
conceptually far from trivial although the general picture remains, i.e. we can still consider
D-branes as solitons in a dynamical process of tachyon condensation.
The way we make contact with ’t Hooft’s abelian gauge fixing is in terms of the stringy
definition of K−1(X), [23, 5]. Let us begin defining a pair: (In, α) consisting in the set In
of trivial vector bundles on a compact manifold X and the automorphism, α, of In.
We will say that such a pair is elementary when the automorphism α is homotopic
to the identity within the automorphisms of In.With this definition we can establish an
equivalence relation between two pairs (In, α) and (Im, β) as
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(In ⊕ Ip, α⊕ γ1) ∼ (In ⊕ Iq, α⊕ γ2) , (67)
where (Ip,q, γ1,2) are two elementary pairs. This means that equivalence classes, i.e. the
elements of K−1 are going to be related to the homotopy classes of the automorphism α.
The set of these equivalence classes on X forms a group, the inverse being (In, α−1),
so that (In ⊕ In, α⊕ α−1) is an elementary pair, which is precisely the higher K-theory
group K−1(X). We will not try to probe rigurously here the equivalence between the two
different definitions given for K−1, which can be found, for example, in [23] Theorem II.4.8.
In the context of string theory, the role of the vector bundle is played by the Chan-
Paton bundle carried by the system of N unstable D9-filling branes, and the automorphism
α will be [5]
U = −eiπT , (68)
where T is the adjoint U(N) tachyon on the filling branes world-volume. The elementary
pairs, then, will correspond to elementary configurations and so can be created from and
anhiliated to the vacuum.
The important point here is that (68) defines a map
U : S2k+1 → U(2k), (69)
and, consequently, an element of π2k+1
(
U(2k)
)
, which defines the bound state construction
of D-branes in type IIA as stated in section 2.2.
The unitary ghost free gauge fixing described by the Abelian projection defines in a
natural way an automorphism of the corresponding gauge bundle. In fact, once we fix the
non-abelian part of the gauge by diagonalizing the field X , we can define the automorphism
as
α(x) = eiX(x), (70)
and the K-charge is defined by the homotopy class of this α(x) [14].
However, if we are going to take this analogy seriously, there is a crucial ingredient to
be included, and it is the stability of the topological charge in the abelian projection with
respect to the equivalence relation (67). This can be seen as passing from the gauge group
U(N) to U(M), with M > N . However, in the abelian projection, the meaning of the
topological charge associated to the U(N) subgroup is independent of M , and so is stable
under creation of elementary D9 filling branes.
3 Non-trivial B-fields
For the purposes of this paper, and in order to see how to include the B-field in the previous
discussion, it is interesting to gain some geometrical and topological intuition on it. This
can be done by considering the following double spectral sequence
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Ω3 H dBα
↑
Ω2 Bα → δBα = dψαβ
↑
Ω1 ψαβ → δψαβ = dgαβγ
↑
Ω0 gαβγ → δgαβγ
mαβγδ
Uα Uαβ Uαβγ Uαβγδ
From this diagram we can read the gauge structure involving the B-field. It reads as
follows. The outter columm sets the de Rham cohomology, i.e. for differential forms, while
the outter row sets the Cˇech cohomology, i.e. for cocycles. Obviously, in this outter regions
the Poincare´ lemma is not satisfied, and so not every global closed differential form is exact
and exactly the same for the Cˇech cohomology on the rows [49]. Then we see that on the
columns acts the exterior derivative d and in the rows acts the coboundary operator δ.
The nomenclature Ωi denotes the space of differential i-forms and Uαβ... is the intersection
Uα ∩ Uβ ∩ . . . of open covers.
This double spectral sequence says that, in order to describe properly the B-field, we
need the triple (Bα, ψαβ, gαβγ). Following [50], we can translate the previous diagram into
explicit expressions.
Let us consider a manifold X and an open covering on it. Defining a B-field, Bα, we
have
Bβ −Bα = dψαβ , (71)
where the ψαβ are 1-forms defined on the double intersection. In the triple intersection
they will satisfy
δ {ψαβ} = {ψαβ + ψβγ + ψγα} = {dgαβγ} . (72)
Let us now take a set of U(1)-valued 0-forms defined on the triple intersection
fαβγ : Uα ∩ Uβ ∩ Uγ −→ S1, (73)
in such a way that
fαβγ = exp (igαβγ) , (74)
which satisfy fαβγ = f
−1
βαγ = f
−1
αγβ = f
−1
γβα on Uαβγ . Using these 0-forms we set
ψαβ + ψβγ + ψγα = (−i)f−1αβγdfαβγ , (75)
which allows us to interpret the 1-forms ψαβ as connections of a line bundle defined on
each double intersection. On the other hand, these f ‘s also satisfy the cocycle relation
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fβγδf
−1
αγδfαβδf
−1
αβγ = 1, (76)
which, in terms of gαβγ, defines a Cˇech cochain
δ {gαβγ} = imαβγδ. (77)
In analogy with the Dirac monopole, where quantum consistency implies that the
cochain takes values in Z, we can argue that{mαβγδ
2π
}
∈ Z, (78)
so
{mαβγδ
2π
}
defines a Cˇech cochain in the integers and m is a Cˇech cocyle which represents
a class [H ] in H3 (X,Z). In this sense we can interpret the B-field as a connection on a
gerbe.
The fαβγ take values in ContX (U(1)), the sheave of continuous functions on X with
values in U(1) (remember that this sheave assigns to every open set in X the abelian
group of continuous functions from each Uα to U(1) with pointwise multiplication as group
operation). Then the exact sequence of sheaves
0 −→ Z −→ ContX (R) −→ ContX (U(1)) −→ 0, (79)
induces the long exact sequence in cohomology
. . . −→ H2 (X,ContX (R)) −→ H2 (X,ContX (U(1))) −→
−→ H3 (X,Z) −→ H3 (X,ContX (R)) −→ . . . , (80)
which, due to the fact that ContX (R) is a fine sheave with vanishing cohomology groups,
leads to
. . . −→ 0 −→ H2 (X,ContX (U(1))) −→ H3 (X,Z) −→ 0 −→ . . . . (81)
It is this isomorphism the one which maps the cohomology class of fαβγ to the class [H ] in
H3(X,Z).
Now we have a complete description of the gerbe asocciated to a generic B-field in
terms of the triple (Bα, ψαβ , gαβγ). We can define the trivializations of the gerbe in terms
of functions defined on the double cover
fαβ = f
−1
αβ : Uα ∩ Uβ −→ S1, (82)
such that fαβγ = fαβfβγfγα and the difference between two such trivializations is a flat line
bundle. In this way, we can define a flat line bundle on each double intersection which will
have a connection, ∇αβ , such that
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δBα = d∇αβ , (83)
3.1 Torsion B-fields
Supose now that we are given a submanifold of spacetime, Q, such that the restriction of
the B-field to it is trivial in the de Rham cohomology. In other words, the B-field in that
subspace is flat and defines a pure torsion characteristic class. Let us now see how the
double spectral sequence is modified in this case
Ω3 0
↑
Ω2 Bα → δBα = dψαβ
↑ ↑
Ω1 Aα → ψαβ → δψαβ = dgαβγ
↑ ↑
Ω0 ραβ → gαβγ + cαβγ → δ(gαβγ + cαβγ)
m˜αβγδ
Uα Uαβ Uαβγ Uαβγδ
This structure defines a flat gerbe, where the B-field is the field strength of certain
1-form field, i.e. Bα = dAα in Uα. In this case the equations deduced in section 2.1 have
to be modified. Firstly, the variation of the B-field now takes into account this A-field as
δBα = Bβ − Bα = dψαβ = d (Aβ −Aα) , (84)
which implies
ψαβ + Aα − Aβ = dραβ . (85)
On the other hand, it is not difficult to see that
d (δραβ − gαβγ) = 0, (86)
and, in turn
δραβ = gαβγ + cαβγ, (87)
where the cαβγ ∈ 2πR/Z is a Cˇech cochain that defines a class in H2(Q,U(1)) in Q, where
this U(1) represents now a group and not a sheave. This class is what we can associate
with the holonomy of the connection. This defines a flat gerbe with a holonomy class in
H2 (Q,R/Z). Using the exact sequence of groups
0 −→ Z −→ R −→ U(1) −→ 0, (88)
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the induced long exact cohomological sequence
. . . −→ H2 (Q,R) −→ H2 (Q,U(1)) −→ H3 (Q,Z) −→ H3 (Q,R) −→ . . . , (89)
leads to the isomorphism
H2 (Q,U(1)) ∼= H3 (Q,Z) . (90)
This is a Bockstein homomorphism, β, and can be written as
ξ ∈ H2 (Q,U(1))
[H ] ∈ H3 (Q,Z)
}
−→ β(ξ) = [H ], (91)
where it should be understood that [H ] ∈ Tors (H3(Q,Z)). In section 4.4 we will see how
this Bockstein is related to the cancellation of global anomalies.
3.2 The D = 10 KK-monopole
Our purpose now will be the application of the ideas explained in the previous section to
the case of the KK-monopole, which is known to have an electric charge associated to the
B-field [51] (see section 5.3.1), and we would like to see how the electric and magnetic
charges are related in its geometry.
The gerbe associated to this object is flat, with B = dA, where
A =
Cr
4m(r + 4m)
[
dx5 + 4m(1− cos θ)dφ] . (92)
In this case, one can consider two 1-forms which are identified with the gauge potentials
associated to the electric and magnetic charges. They come from the components of the
metric and the B-field along the compact direction of the Taub-NUT space:
A1µ ≡ gµ5 = 4m(1− cos θ)dφ, (93)
A2µ ≡ Bµ5 =
C˜
(r + 4m)2
dr. (94)
We can consider that the source for the B-field is a string winding along the compact
direction which, when it follows an unwinding trayectory, will produce the electric charge
of the KK-monopole [52]. With this in mind, we can decompose the B-field as
Bµν = Bµν + 1
2
(
A1µA
2
ν −A1νA2µ
)
. (95)
For our present purposes, we will cover the S3 at infinity only by two patches, as given
by the transition needed to avoid the singularities of the metric x4 → x4± 8mφ. However,
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we should say that, as the intersection is now non-contractible, we cannot reach the Cˇech
cocycle.
The gauge transformations for the fields will be
A˜1 → A1 − 8mφ, (96)
B˜ → B + 4mdφ ∧ A2, (97)
which produce
ψαβ = 8mφ
C˜
(r + 4m)2
dr, (98)
and
ραβ = −2C˜
(
rφ
r + 4m
)
. (99)
Notice that the 1-form (98) is defined on the intersection of the two patches which is
homotopy equivalent to S2 and, in consequence, is a U(1)-connection over the S2.
3.3 The D6-brane
The previous example for the ten dimensional KK-monopole can be easily adapted to the
eleven dimensional one, i.e. to the D6-brane (see section 5.4). In this case, a crucial
point is that the B-field we will consider is, when the dimensional reduction is taken into
account, partially dictated by the geometry of the space-time and partially by the eleven
dimensional 3-form, C(3). Moreover, we can see that the D6-brane is coupled to the string
ending on its world-volume, which implies, as we will see in section 5.4 that the B-field on
the brane is pure torsion, [30].
Again, the gerbe structure can be computed in a very simple way. We will follow the
notation in [30], although not it normalizations, i.e. A and B denote the fields on the world-
volume of the D6-brane and V and C the fields on its transverse space. Therefore, in the
presence of the KK-monopole, the eleven dimensional 3-form C(3) contains Cµνi = CµνAi
and Cµij = VµBij as interesting factors, where the latin indices take values in the transverse
space and greek ones in the world-volume. Now we impose an harmonicity condition on
the zero modes in the transverse space, which implies [53, 29]
C ∝ dV, (100)
where now V can be written in terms of a pair of functions f1(r) and f2(r), whose explicit
form is not relevant for the purposes of this section (we will come back to this in section
5.5.1) as
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V = f1(r)dr +
f2(r)
2
(cos θ ± 1) dφ+ f2(r)
2m
dx4. (101)
Now we can perform the transformation x4 → x4 ± 8mφ and, chosing the minus sign,
we find that
δV = −2αf2(r)dφ, (102)
where we have introduced a constant c which should be fixed by physical considerations.
Computing d (δV ) we find that it can also be written as the exterior derivative of another
1-form, namely
d (δV ) = −2α∂f2(r)
∂r
dr ∧ dφ = d
(
2α
∂f2(r)
∂r
φdr
)
≡ dΛ. (103)
It is very easy to check that δV and Λ differ by an exact form dρ, where ρ is
ραβ = −2αf2(r)φ. (104)
This would give us a complete description of the gerbe in the transverse space to the
KK-monopole. However, we can gain more information from the 4-form, Gµνij . We can
write
δGµνij = δCµν(dA)ij + Cµνδ(dA)ij + δ(dV )µνBij + (dV )µνδBij, (105)
and, using now (100), this can be put as
δGµνij = Cµν (δdA+ δB)ij . (106)
This equation sets the usual relation between the variations of the Chan-Paton and the
Kalb-Ramond fields on the world-volume of the brane, namely
B −→ B + dΛ, (107)
A −→ A− Λ + dρ, (108)
which defines the flat gerbe structure on the world-volume of the D6-brane.
4 K-theory with B-fields
In this section we will explain how to construct the twisted K-groups of a given manifold.
As stated in [7, 19, 21] these groups are relevant when a B-field is included and depends
on the gerbe structure defined on the manifold.
As we have already done in the previous section, we have to consider two different
situations, a non-torsion or a torsion B-field. In the first case the bundle structure that
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is defined is unique and given in terms of an infinite Hilbert space, while in the second
case the bundle is locally trivial, non-unique and defined in terms of a finite dimensional
algebra isomorphic to Mm(C).
4.1 Non-torsion twisted K-groups
In this section we deal with non-torsion B-fields. As we have seen in the previous section,
the torsion B-field in the world-volume of a D-brane appears as a consequence of the
harmonicity imposed on the zero modes in the transverse space. For a D9-brane there
is no transverse space enough to define any 2-form. Therefore, we can consider that the
B-field living in its world-volume is non-torsion.
In [21] it was proposed that the Rosenberg’s definition of twisted K-theory, [17]
Kj (X, [H ]) = Kj
(
Γ0
(
X,A[H]
))
, (109)
where Γ0
(
X,A[H]
)
is the algebra of sections vanishing at infinity of the continuous field
A[H] of elementary C∗-algebras over X , is the relevant one when we consider non-torsion
B-fields. And its relation with homotopy is
K0 (X, [H ]) =
[
P[H], U(Q)
]PU
K−1 (X, [H ]) =
[
P[H], U
]PU , (110)
where U(Q) is the unitary group of the C∗-Calkin algebra Q = B(H)/K, i.e. the quotient
space between the algebras of bounded and compact operator on the Hilbert space H, and
U is the group of unitary operators in the unitalization of K
U = {u ∈ U(H)|u− 1 ∈ K} . (111)
These equivalence classes can be computed following the Atiyah-Ja¨nich theorem, [22,
54], which states that the space of Fredholm operators F is the classifying space for the
functor K0 and from the Atiyah-Singer theory for skew-adjoint Fredholm operators, [55],
which states that the classiying space for the functor K−1 is F∗, see for example [56] for
an expository account. Now we proceed to define all the elements of these statements.
As we said in section 3, the gerbe for a generic B-field has a characteristic class [H ] =
H3 (X,Z), which can be computed from
H3 (X,Z) = [X,K(Z, 3)] , (112)
i.e. it is related to the homotopy classes from the manifold to the third Eilenberg-Mac
Lane space. In [26] we will investigate this relation in order to point the relation with
E8 bundles. Now, following the Dixmier-Douady theorem for continuous-trace algebras
[57], we can search another model for this space. Let us consider an infinite dimensional
separable Hilbert space H and the group of unitary operators on it. The group U(1) will
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consist on scalar multiples of the identity operator on H with unit norm. This set can be
written as R/Z and is a K(Z, 1).
We can look for the classifying space BU(1). This will be PU(H) = U(H)/U(1) since it
is the base space of a locally trivial U(1)-bundle with contractible total space, so is itself a
model for K(Z, 2). Following these lines, we can say that BPU(H) is a model for K(Z, 3),
and then view the characteristic class [H ] as the homotopy class of maps
φ : X −→ K(Z, 3) ≃ BPU(H), (113)
or as defining a PU(H)-principal bundle
PU(H) −→ P[H] p−→ X (114)
From this principal bundle we can build its associated vector bundle asA[H] = P[H]×PU(H)
K, where PU(H) acts on K by ∗-automorphisms, given by Ad : T −→ gTg−1, i.e. in terms
of the adjoint map, which is known to be a continuous homorphism of U(H) onto Aut(K)
with kernel U(1). This can be stated by saying that the group of autmorphisms of A[H]
which fix the spectrum X pointwise is given by:
AutXA[H] ≃
{
PU(H)-equivariant continuous maps P[H] −→ PUAd
}
. (115)
The sections of this vector bundle that vanish at infinity form an algebra from whose
spectrum we recover the base manifoldX which we will denote asA[H] = Γ0
(
X,P[H] ×PU(H) K
)
.
The interesting point of the Dixmier-Douady theorem is that if this algebra A[H] is
stable, i.e. A[H] ≃ A[H] × K. Then A[H] is locally trivial with fibers ≃ K and A[H] is
determined, up to automorphisms fixing X pointwise, by [H ] and any such class [H ] arises
from a (unique) stable separable continuous-trace algebra A[H] over X .
It is worth to mention that, since K⊗K ≃ K, the isomorphism classes of these bundles
form a group under the tensor product with inverse the conjugate bundle. This group is
called the infinite Brauer group and denoted by Br∞(X). We will give a local coordinate
description of all these facts in the next section in the torsion B-fields context.
The Gelfand-Na˘ımark theorem, [58] states that A[H] is the algebra of the compact
topological space X , which at the same time be reconstructed from the spectrum of the
algebra by means of the the Gelfand transformation. This implies that we can compute
the K-groups in terms of the space X or in terms of A[H], which is precisely the definition
made in (109). However, for computational purposes, we would like to relate the classes
of these groups with classes of homotopy maps.
type IIA
The relevant K-group for type IIA string theory is K−1, therefore, let us remind that
K1(A[H]) is defined as the group of path-components of
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{
u ∈ U(A+[H]) |u− 1 ∈ A[H]
}
, (116)
which is isomorphic to the sections X → P[H] ×PU(H) U , i.e. to the PU(H)-equivariant
maps P[H] → U , so that we can compute the equivalence classes from (110).
Going back to the Atiyah-Singer theorem for skew-adjoint Fredholm operators, we can
say that the space of self-adjoint operators is homotopycally equivalent to the set of unitary
operators of the for u = 1 + k, where k ∈ K, [55]. In this way we write
K−1 (X, [H ]) =
[
P[H],F∗
]PU(H)
, (117)
being the mapping between these two sets of operators given by
g = −eiπF , (118)
where g − 1 ∈ K and F ∈ F∗.
Let us recall the definition of K−1(X) made in section 2.5.1 in terms of pairs (In, α),
and let us now define the K−1(X, [H ]) in the same way. In our case, we have to consider
maps not from the base manifold but from the total space, so we can write [26]
Φ : P[H]
π−→ Xcpt α−→ U, (119)
then we take a point x ∈ Xcpt and its image under π−1 so we have
π−1(x) = PU(H)|x . (120)
We can, on the other hand, think of the map Φ as the exponentiation of of the C∗-algebra
of global sections, which are given by a collection of functions fα of the form fα : Uα −→ K
transforming in the adjoint, i.e. on double overlaps they satisfy fα = Ad(gαβ)fβ , with
gαβ : Uα ∩ Uβ → U(H) and Ad(gαβ) : Uα ∩ Uβ → Aut(K) = PU(H), as
Φ = −eiπf . (121)
It is not difficult to see from (121) that the condition of PU(H)-equivariance implies
that PU(H) acts, effectively, as automorphims of Ucpt. Therefore, we can propose, at least
locally, that the vacuum manifold for type IIA in the presence of a non-torsion B-field
takes the form
VIIA = Ucpt
PU(H) (122)
Details and modifications of this construction are beyond the scope of this review, and
we refer the reader to [26].
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type IIB
In this case we use the group K0(A[H]), which can be defined as group of the path
components of the unitary groups of Qδ = Γ
(
X,P[H] ×PU(H) Q
)
, [17]. However, there is
another definition that fits better in our understanding of the noncommutative tachyon field
(see section 4.3), and it is as the Grothendieck group of Murray-Von Neumann equivalence
classes of projections, Pα, in A[H] ⊗K [21].
These projections in K are a collection of functions Pα : Uα → K and define a finite
range subspace, Vα,x, in the Hilbert space H, such that on a double intersecction Uα ∩ Uβ
an element v ∈ Vα,x is identified with gαβ(x)v ∈ Vα,x. We can now define a gauge bundle
as the data
(
Uα, {Vα,x}x∈Uα , gαβ
)
.
Now, we remember that the Murray-Von Neumann equivalence states that two such
projectors, Pα and Qα, are equivalent if there exists another projector, Λα such that P =
Λ∗Λ and Q = Λ∗Λ. In terms of gauge bundles we can define
K0 (X, [H ]) =
{[{
Uα, {Vα,x}x∈Uα , gαβ
}]− [{Uα, {Wα,x}x∈Uα , gαβ}]} , (123)
such that
[{
Uα, {Vα,x}x∈Uα , gαβ
}]
and
[{
Uα, {Wα,x}x∈Uα , gαβ
}]
are gauge bundles over X
with the former being defined by Pα and the second by Qα and such that Λα : Vα,x →Wα,x
is an isomorphism of these gauge bundles.
4.2 Torsion twisted K-groups
Let us now come back to equation (85). This gauge transformation of A does not define
a gauge transformation for a connection due to the Λ term. Thus in order to interpret it
as a gauge connection, we must get rid of it. In doing this, we use the fact [50] that the
difference between two different trivializations of a gerbe is a flat line bundle, and take like
in [19] a new connection such that:
µ −→ µ− Λ + dg, (124)
with g satisfying gαβgβγgγα = fαβγ as in (73). Then, we can define the new gauge connection
as
A˜ = A− µ, (125)
such that it satisfies the usual relation:
δA˜ = id log hαβ, (126)
where hαβ = mαβα
−1
αβ with mαβ = e
igαβ and ααβ = e
iραβ .
However, these new transition functions does not satisfy the usual cocycle relation,
instead they obey
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hαβhβγhγα = ξαβγ, (127)
where we have imposed the condition that the holonomy of the gerbe on the brane, Q, is
trivial, so that the coefficients cαβγ are a coboundary.
Now, to make contact with string solitons, we can consider a stack of N filling branes
(again a system in type IIB can be more natural), and Q as its world-volume. Then the
matrices hαβ are seen as U(N) valued. However, relation (127) says that the bundle on the
brane world-volume is not a U(N), since the cocycle relation for its transition functions
does not close to one but to an element of the center of the group, namely to a U(1)
element, which is only inmaterial if we go to the adjoint representation, which has as
group structure U(N)/U(1) = SU(N)/ZN .
Equation (127) is also the defining relation of an Azumaya algebra, which is a locally
trivial algebra over X with fibre isomorphic to the algebra Mm (C) of matrices m×m over
the complexes. This implies that the world-volume of these D-branes is described in terms
of a module Γ over an Azumaya A defined by the matrices hij such that its representative
class is δA, [18]. Moreover, the set of all equivalence classes of an Azumaya algebra over X
is called the Brauer group of X , denoted by Br(X) which is isomorphic to Tors (H3(X,Z))
by a theorem of Serre [59], and we have the relation δA = β(ξ) = [H ]. The sections of
the bundle we have obtained consist of functions Rα : Uα → u(N), where u(N) is the Lie
algebra of SU(N)/ZN and on double overlaps they satisfy
Rα = hαβRβh
−1
αβ = Adj(hαβ)Rβ, (128)
which represents an automorphism of the sections of the bundle equal to its structure
group.
Now, noticing that direct sum of two twisted bundles as described above is again a
twisted bundle, we can establish the equivalence relation (E, F ) ∼ (E ⊕H,F ⊕H) which
defines the equivalence class in K[H](X), [18]. This is precisely the twisted K-theory used
in [7, 19].
The K-groups for type IIA can be equally defined as in section 4.1, where now the
automorphisms of the bundle are defined to act in the sections of this bundle as in (128).
The main difference with the construction of the previous section is that now the
bundle is not unique, therefore given two twisted bundles of those described above, the
corresponding algebras will be different but Morita equivalent. This equivalence in turn
implies that their K-groups equal each other, i.e. K (A) = K (A′).
4.3 Anomaly cancellation with B-fields
Let us now go back to the analysis of section (2.4), but including the Kalb-Ramond field.
The bosonic part of the partition function will now contain the following factors
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exp
(
i
∮
∂Σ
A+ i
∫
Σ
B
)
, (129)
in the presence of D-brane boundary conditions, we interpret (129) by saying that the A-
field provides a trivialization for the B-field, which is viewed as a section of a line bundle,
LB, over the space of Riemann surfaces that end on the D-brane, i.e. when restricted to
the space of loops on the world-volume of the D-brane, LQ. The important point is that
such a trivialization only exists if H = dB is cohomologically trivial when restricted to
the D-brane, and can be seen from the general results in section (3.1) as the usual gauge
transformation
B → B − dΛ, A→ A+ Λ + dρ. (130)
If we now include the contribution of the fermions, the trivialization must be for the
twisted Pffafian bundle Pfaff⊗LB when restricted to LQ.
In this case, the cancellation of the global anomaly stems from the proper identification
of the first Chern classes involved. On one hand, the integral of the characteristic class
[H ]|Q over ∂Σ yields the first Chern class LB
c1(LB) =
∮
∂Σ
[H ]|Q . (131)
On the other hand, the class of the Pfaffian as a flat line bundle is the integral of w2(Q)
over ∂Σ, see equation (48), therefore, its first Chern class can be seen in terms of the
Bockstein homomorphism as
c1(Pffaf) = β
(∮
∂Σ
w2
)
=
∮
∂Σ
W3(Q). (132)
In this way we obtain the condition for cancellation of global anomalies [13, 60]
[H ]|Q = W3(Q). (133)
In reference [19] we can find also the non-abelian generalization, which includes the ’t
Hooft flux characteristic class y ∈ H2(Q,Zn), with n the number of D-branes
[H ]|Q =W3(Q) + β (y) . (134)
Equation (133) implies that a single D-brane can only wrap a supersymmetric cycle,
Q, if this condition is satisfied. However, there is a further refinement due to possible
instabilities carried by instantons [61]. This refinement says that a brane wrapping Q can
nevertheless be unstable if for some Q′ ⊂ X9
PD (Q ⊂ Q′) = W3(Q′) + [H ]|Q′ . (135)
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Obviously, a D-brane wrapped in Q′ is unstable. However, a brane wrapping a codimen-
sion 3 cycle Q ⊂ Q′ provides a magnetic source that cancells the anomaly. The physical
picture, [61] is that a brane wraps a spatial cycle Q propagating in time and ends in a D-
instanton wrapping Q′. The most interesting question in this case is that we gain a physical
interpretation of twisted K-theory, which can be stated [62] as “cancellation of anomalies
modulo instanton effects”. However, although very interesting, this picture is still incom-
plete, since it makes use of the Atiyah-Hirzebruch spectral sequence (AHSS) which is an
algorithm that gives only an approximation to K[H]. In a forthcoming paper [26] we pro-
pose that these conditions can be properly understood if one considers K-homology groups
instead.
4.4 Noncommutative tachyons
One of the more striking effects of the B-field on the theory in the D-branes world-volume
is that it produces a non-commutative deformation ([20] and references therein) in the
sense of Connes [42]. The point here is that the B-field can be related to a length scale θij
defined from the commutator [
xi, xj
]
= θij , (136)
which depends with B as
θij = 2πα′
(
1
g + 2πα′B
)ij
A
(g,α′)→0−→
(
1
B
)ij
, (137)
where ( )A denotes the antisymmetric part of the matrix and i, j = 1, . . . , r, and r the rank
of B.
This length scale appears in many interesting problems, for example, in the resolution
of singularities in the moduli space of instantons, the so-called small instanton singularities
[43]. Here the noncommutativity parameter sets a “no-go” scale preventing us from going
to zero size. A resolution ot this type was suggested by Nakajima in reference [96] and
corresponds to the replacement of the real moment map µR = 0 in the ADHM construc-
tion, [97], by µR = constant. Nekrasov and Schwarz noticed in [44] (see also [20]) that
this resolution of the small instanton singularity of the instanton moduli space exactly
corresponds to the non-commutative deformation of the ADHM real moment map being
the constant deformation the non-commutative parameter.
More interesting for our purposes is the monopole case. Now the moduli space is non-
singular and presents the mathematical structure of a Hilbert scheme, X [k], with X the
moduli space R3×S1 of a k = 1 monopole. The Hilbert scheme X [k] is a desingularization
of Sk(X), the symmetric product of X k times, that would be the natural moduli space of
k-monopoles interpreted as a set of k different particles [96, 45].
In the non-commutative case, the real moment map µR is modified to µR = −θ [29].
However, what is interesting is that, as we have already mentioned, we do not need this
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deformation of µR to desingularize the moduli space. The physical reason for this is that
even without B field, the elementary constituents of a k-monopole are at short distances
delocalized.
The noncommutative Yang-Mills theory is also non-local by virtue of this length scale.
This is reflected in terms of the multicplicative structure which is given in terms of a Moyal
or a Kontsevich [47] deformation for constant or non-constant B-field respectively. We will
consider only a Moyal deformation, given by the Moyal product, symbolized as usual by a
“⋆”
(A ⋆ B) = e
θ
2
(∂z∂z¯′−∂z′∂z′)A(z, z¯)B(z′, z¯′)
∣∣∣
z=z′
, (138)
Our first step in the construction of a K-theoretical classification with B-fields is consid-
ering this noncommutative theory for a scalar field, which will be taken to be the tachyon
field [63, 64, 65]. The main result in this context is that, in certain limit to be specified
later, the tachyon field is a projector, as a result of minimizing its potential. Let us see
how this result arises in the context of a scalar field in 2+ 1 dimensions. This can later be
generalized to any dimensions. The action for this field can be written as
S =
1
g2
∫
d2z (∂zφ∂z¯φ+ V (φ)) . (139)
We can rescale the coordinates (z, z¯)→ (z√θ, z¯√θ) so the star product depends no longer
in θ and all the dependence in θ will be in the potential term, which now reads as θV (φ).
This implies that in the large noncommutativity region the only relevant term will be the
potential.
We will consider a cubic potential
V (φ) = V0 +m
2φ ⋆ φ+ λφ ⋆ φ ⋆ φ, (140)
then the extremal condition for the energy will be
m2φ = λφ ⋆ φ. (141)
The explicit form of the solution of this equation is not important for us at this point
although yes its meaning. There is an application that allows us to map a C∞ function
into an operator acting on some Hilbert space (could be the single particle Hilbert space).
Then we may think of these functions as operators and for our purposes we will use the
Weyl prescription
Of(pˆ, qˆ) =
1
(2π)2
∫
d2kf˜(k)e−i(kq qˆ−kp,pˆ), (142)
where f˜ is the Fourier transformed of f(p, q). Now the star produts can be seen as usual
operator multiplication
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Of ·Og = Of⋆g. (143)
Now, in the language of operators, equation (141) is the equation for a projection
operator in this Hilbert space. Then the most general solution reads
O =
∑
i
aiPi, (144)
where ai take values in the set of real extrema of V (x) and Pi are mutually orthogonal
projection operators onto one dimensional subspaces [63].
All this construction sets the tachyon field in the presence of the B-field as a projection
operator. Moreover, since it is a real field it is a self-adjoint operator, which leads us back
to (117), allowing us to interpret the tachyon as a Fredholm operator. These statements
agree with the arguments of sections 4.2 and 4.1 and we can now pursue a interpretation
in terms of twisted K-theory, [65, 25, 24], by considering that the tachyon projects onto
N -dimensional subspaces so that it represents the map
T : X −→ BU(N), (145)
into the classifying space of U(N) bundles.
A very interesting feature of noncommutative gauge theories is that in this large com-
mutative region, the noncommutative algebra A factorizes [66]. This can be seen in the
context of string field theory, where A is the algebra built by multiplication of string fields.
Then, let us write A = A0 ⊗ A1. This spliting says that the algebra contains two com-
muting factors, one acting on the string center of mass only and an algebra acting in all
the other degrees of freedom. In other words, the algebra A1 is generated by vertex opera-
tors acting on the noncommuting directions and A0 can carry momentum but only in the
commutative directions.
This factorization allows us to give a physical interpretation of Bott’s periodicity (22).
Let us suppose, [65], that the space-time manifold splits as X × R2, where R2 is the
noncomutative plane, then we can write this algebra as A1 = C(X) ⊗ Cnc(R2), i.e. the
product of the commutative algebra of functions on X and the noncommutative algebra
of functions in R2. On the other hand, if one takes the limit in which the B-field vanishes,
this algebra will be the commutative algebra of functions in X × R2, A1 = C(X ×R2).
In the K-theory context, the previous argument can be written in the following chain
of equalities
K(C(X)) = K(C(X)⊗K) = K(C(X)⊗ C0(R2)), (146)
where the first equality is implied by Morita equivalence and an inductive N → ∞ limit
and the second one is the Weyl map resulting on Bott’s periodicity.
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4.5 Tachyon condensation and K-homology
Let us now, following [66], apply the set of ideas devoloped above to the process of tachyon
condensation. We will firstly concentrate on type IIA and later on type IIB.
type IIA
A key point for this section is the splitting of the algebra explained in section 4.4 and the
fact that the algebra A0 carries all the stringy structure needed here. We can consider two
different solutions, consisting in two different vacua, 0 and A0, the open and closed string
vacua respectively, i.e. the first one is understood as the vacuum where a stable D-brane
lives after tachyon condensation while the second is the condensation of an elementary
configuration.
Therefore, in the open string sector we find 0−0, 0−A0 and A0−A0 strings, and we will
find physical excitations only in the 0 − 0 sector, which allows us to set the condensation
of an elementary state. In order to include the effects of the noncommutativity, let us look
for a moment at the equation of motion in the bosonic cubic string field theory [66]
QA + A ∗ A = 0, (147)
where Q is the BRST operator and A is a string field of +1 ghost number, taken as an
element of A. The generalization to the supersymmetric case is not trivial since in this
case the string field carries a picture, i.e. something that allows us to eliminate the infinite
degeneracy of the BRST-invariant vertex. In terms of the (β, γ) ghost system, we can write
the picture-rainsing operator as Z = {Q, ξ}, where ξ is defined as β = e−φ∂ξ. The problem
with the direct generalization of the cubic string field theory action is that there is a lack of
gauge invariance because of contact-term divergences appearing when two raising-picture
operators coincide,4 leading to a nonpolynomical equation of motion. However, for the
purposes of this section, we will deal with equation (147).
By virtue of the projector nature of the tachyon field, a solution to (147) can be written
as A = A0 ⊗ (1− T ) [68]. Supose now that this tachyon projects onto some subspace V of
H such that T |V = 1 while vanishing in its orthogonal complement W , T |W = 0, then we
have again different types of open strings, namely V − V , V −W and W −W and again
only one of them contains physical excitations, V − V .
As we are working with a torsion B-field, the structure is described in terms of Azu-
maya algebras. Therefore, the algebraic structure can be written as A0 ⊗Mm, with Mm
the algebra of matrices m × m. The physical interpretation of this algebra is that it is
describing the condensation into a system of m D(9− 2p)-branes, where 2p is the number
of noncommutative directions.
4I am grateful for conversations with P. Resco concerning this subject and for pointing me reference
[67]
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On the Z2 symmetry
Now that we have seen how K-theory works with and without B-fields, we can explore in
more detail the problem of the Z2 symmetry that appears in the vacuum manifold. As we
mentioned in section 2.2, this symmetry appears as a consequence of the spectrum of the
tachyon field and denotes two different states that differ in one unit of RR 0-form G0/2π
[5]. In the D6-brane case this is seen in terms of the two non-trivial complex line bundles
defined at infinity by each U(1) factor, which in turn implies that the tachyon field is not
homotopic to a constant at infinity [24].
A possible solution to this problem was suggested in [24] by proposing that the gauge
group in the world-volume of the initial D9-branes should be U(H), which is homotopically
trivial in the strong operator topology by virtue of a Kuiper’s theorem [69]. However, the
N → ∞ limit of [24] would produce U(∞), which is not equal to U(H), indeed, by a
theorem of Palais U(∞) has the homotopy of Ucpt, so that all of its odd homotopy groups
are nonvanishing and equal to Z, [70, 71]. Thus it is not clear that an infinite number of
D9-branes gives an answer to the question.
However, we can modify the argument by considering non-torsion B-fields. In this case,
we argued that, locally, the vacuum manifold could be aproximated by (122). Therefore, we
also have an infinite number of D9-branes, but the quotient by PU(H) can be interpreted
by saying that the gauge transformations of PU(H) are the responsible for the solitonic
solutions of type IIA. To extend this construction globally one may found topological
obstructions, as those in [41, 13]. Although we do not have a rigurous proof of it, one can
argue, see [26], that as PU(H) is homotopically equivalent to LE8, up to dimension 14,
and the global obstruction can be associated with the charge of the D0-branes, we should
consider the centrally extended L̂E8 instead (see [77] for other arguments on this group)
and the vacuum manifold would be (topologically)
VIIA = Ucpt
L̂E8
(148)
type IIB
The definition of K0(X, [H ]) made in section 4.1 is done in terms of projection operators,
Λα, such that Λ
∗Λ and ΛΛ∗ do not commute. Moreover, they define different gauge bundles
and the equivalence of them is precisely the defining property of K0(X, [H ]). These kind
of operators was used in [65] in order to a noncommutative ABS construction, as they can
be seeing to define a Toeplitz algebra.
For type IIB we do not have this Z2 symmetry, since we end up with a U(N) gauge
group. However there are still some uncertainities remain unsolved. We mentioned in
section (2.1) that, in type IIB, due to the GSO projection, we can write the string state as
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A =
(∇ T
T¯ ∇
)
, (149)
now considered as a string field. Let us now write the algebra as
A =
(
α β
β¯ γ
)
. (150)
We can again set A = A0⊗ T so that, in order to staisfy the equation of motion (147), the
tachyon must satisfy [68, 65]
T T¯T = T, T¯T T¯ = T¯ . (151)
The case with T invertible is trivial. However, when it is not invertible, we are led to
an index theorem as follows. Take V and W of dimensions n and m as the kernels of T
and T¯ respectively and 2p noncommutative directions. Then the V − V states will be n
D(9 − 2p)-branes, W −W states will be m D(9− 2p)-branes and V −W states will be
the usual D(9−2p)-D(9− 2p), that decay to the vaccum closed string vacuum. Therefore,
this configurations describes a state with charge equal to n−m, which is the index of T .
We can write down an explicit expression for T and T¯ , for example
T¯ =
Γix
i√
ΓjxjΓ¯kxk
, (152)
which resembles equation (19).
K-homology
All the previous arguments imply a very important question and it is that the tachyon
field is a Fredholm operator (self-adjoint for type IIA). Therefore, we can propose another
definition of D-branes and it is that D-branes are Fredholm modules [72, 25, 26].
In a formal language, we see D-branes as the representation spaces of the C∗-algebra
of Fredholm operators. This proposal has very deep consequences, since these Fredholm
modules are the building blocks K-homology, the dual theory of K-theory.
Indeed, this is a natural proposal since K-homology classifies both, cycles and gauge
bundles. Therefore, from its structure we can describe both, the gauge bundles on D-branes
and the cycles where they can wrap in. Moreover, this presents the advantage of giving
physical support for K-homology in the cancellation of the Freed-Witten anomaly.
The role played by K-homology was first proposed in [28] (see also [73, 74, 75] for
different contexts in which enters K-homology) in order to explain the calculation of the
phase factors in [76] in the derivation of K-theory form M-theory, putting further evidence
in the relation between E8 bundles and the constructions presented in this paper. Anyway,
this subject is out of the scope of this review and we refer the reader to the bibliography.
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5 The D6-brane
The previous sections allowed us to define the mathematical tools and the structure under-
lying K-theory and B-fields, concentrating on the non-commutative deformations that can
appear in the presence of the B-field. One of the predictions made was that the D6-brane
is a ’t Hooft-Polyakov monopole for a U(2) gauge theory broken down to U(1)×U(1). This
section is devoted to the study of this soliton mostly from the point of view of SUGRA, in
order to see how to reconcile both descriptions.
Non-abelian monopoles can have an electric charge and these will be the degrees we
will identify. This makes a difference with the usual statement concerning the D6-brane,
where it could be seen as a Dirac monopole. Our first task will be the definition of the
general properties of dyons in field theory. Then we will see how can the dyonic degrees
of freedom be interpreted in the context of K-theory and string theory. Finally we will
focus on the KK-monopoles. The ten dimensional KK-monopole is known to be dyonic
as a prediction of S-duality and carries as electric charge the charge of the H-monopole,
i.e. the charge of the B-field. The eleven dimensional KK-monopole, seen as a D6-brane
will be shown to be dyonic but now carrying an electric charge associated with the eleven
dimensional 3-form, C(3), we will say that it carries one unit of C-monopole charge.
The fact that the electric charge of the D6-brane can be related to the eleven dimen-
sional 3-form can be traced back to the question of the existence of E8 bundles in eleven
dimensions [76, 29, 77]. However, we will not explore in detail the conditions under which
this gauge group appears, instead we will concentrate on finding out which is the gauge
group dictated by the SUGRA construction. We will see that both description do not
match completely, since from SUGRA we can only obtain an SU(2), instead of the whole
U(2) of K-theory.
5.1 Dyons in Field Theory
The simplest possible definition of a dyon is that of a state with both, electric and magnetic
charges [78]. In order to gain a better understanding on the nature of dyons, let us firstly
describe what a monopole in field theories is and how the electric charge appears.
From the construction of the Dirac monopole [79], we learn an important lesson and
it is that the existence of magnetic monopoles implies a requirement of compacity on the
U(1) gauge group. As this is not the case in ordinary QED, we must look for a gauge
group which contains such a subgroup, for example, SU(2). The monopole constructed in
this way is the so-called ’t Hooft-Polyakov monopole [80].
Let us consider the Yang-Mills-Higgs lagrangian
L = −1
4
F aµνF
aµν +
1
2
DµΦaDµΦ
a − V (Φ), (153)
where F aµν = ∂µA
a
ν − ∂νAaµ + gǫabcAbµAcν and DµΦa = ∂µΦa + gǫabcAbµΦc. In the Georgi-
Glashow model the potential is
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V (Φ) =
1
4
λ
(
ΦaΦa − v2)2 . (154)
Now we can define the Higgs vacuum manifold as
V = {Φa | V (Φ) = 0} , (155)
which, from (154), is clearly seen to correspond to a S2 with radius v.
The finite action condition implies that at infinity the fields take values in this vacuum
manifold, so the Higgs field defines the following map:
Φ : S2∞ −→ V. (156)
These kind of maps are classified by the second homotopy group π2(V), and are character-
ized by its degree, i.e. by its winding number:
W = 1
4πv3
∫
S2
∞
1
2
ǫijkǫ
abcΦa∂jΦb∂kΦcdSi. (157)
Additionally, the conditions for finite energy, which can be addressed in terms of the
condition T 00 ≥ 0 in the 00 component of the energy-momentum tensor imply that F aµν =
DµΦa = V (Φ) = 0. A classical vacuum configuration which solves these constraints is
given by
Φa = vδa3, Aaµ = 0. (158)
This constant Higgs field breaks the SU(2) gauge symmetry at infinity down to a U(1).
This breaking implies that at the core of the monopole there are spin one charged fields
W± with mass gv, a massless photon and a Higgs field of mass
√
2λv.
Now we can solve the condition DµΦ
a = ∂µΦ
a + gǫabcAbµΦ
c = 0 to get the gauge field
Aaµ = −
1
gv2
ǫabcΦb∂µΦ
c +
1
v
Φafµ, (159)
which leads to a non-abelian field strength
F aµν =
1
v
ΦaF µν =
1
v
Φa
(
− 1
gv3
ǫbcdΦb∂µΦc∂νΦd + ∂µf ν − ∂νfµ
)
. (160)
The equations of motion for this system are
DµF
aµν = gǫabcΦbDνΦc, (161)
(DµD
µΦ)a = −λΦa (ΦbΦb − v2) , (162)
plus a Bianchi identity Dµ
∗F aµν = 0. These conditions imply that
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∂µF
µν = 0, (163)
∂µ
∗F µν = 0. (164)
This set of equations imply that outside the core of the monopole the non-abelian gauge
field is a pure gauge in the direction of Φa.
The magnetic charge, m, of this monopole can be computed using Gauss’ law for the
magnetic field integrated over the sphere at infinity, which implies a Dirac quantization
condition in terms of the winding number
gm = 4πW. (165)
On the other hand, we can see that this magnetic charge is related to the mass of the
soliton. This relation is the Bogomol’nyi bound:
M =
∫
d3r
(
1
2
(
~Ba · ~Ba + ~DΦa · ~DΦa
)
+ V (Φ)
)
≥
∫
d3r
1
2
(
~Ba · ~Ba + ~DΦa · ~DΦa
)
=
1
2
∫
d3r
(
~Ba − ~DΦa
)
·
(
~Ba − ~DΦa
)
+ vm. (166)
Therefore, the bound is
M ≥ vm, (167)
where the equality occurs when the potential vanishes, V (Φ) = 0, and the Higgs and
magnetic fields satisfy the Bogomol’nyi equation
~Ba = ~DΦa, (168)
which implies that we can consider the Higgs field as the scalar potential for the magnetic
field [81].
In order to find an explicit solution, one can make the following simple ansatz:
Φa = rˆ
a
gr
H(vgr),
Aai = −ǫaij rˆ
j
gr
(1−K(vgr)) ,
(169)
which has the required symmetry by the boundary conditions at infinity, where the fields
are invariant under the diagonal SO(3) of SO(3)G× SO(3)R, generated by ~K = ~J + ~T , of
global gauge transformations plus rotations. When it is substituted in (168), produces the
following solutions:
H(x) = x coth x− 1, (170)
K(x) =
x
sinh x
, (171)
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where x = vgr.
The topological properties we have described and the set of equations (169)-(171) can
be compared with the K-theoretical solution for the D6-brane (37). This is what allow us to
say that the D6-brane is a non-abelian monopole. However, there is a subtlety concerning
the gauge groups. While in this case we have an SU(2) gauge theory, the D6-brane needs
a U(2), therefore in K-theory there is an extra U(1). This question is focused in [26].
The study of the electric charge of the monopole is the main purpose of this section,
thus let us stop a second in order to clarify some ideas. On one hand we have the Julia-Zee
dyon, [78], where the electric charge is coupled to the electric field, which is a pure gauge
field non-vanishing at infinity. On the other hand we find Witten’s dyon effect, [82], where
the electric charge couples to the magnetic field due to the presence of the θ term in the
lagrangian.
The Julia-Zee electric charge appears when we introduce in the ansazt (169) the tem-
poral component of the gauge field as
Aa0 =
rˆa
gr
J(vgr). (172)
Then the electric part of the field strength, F a0i, is non-vanishing and we can apply Gauss’
law to find the electric charge.
In the Witten’s effect, we add a topological coupling to the Yang-Mills-Higgs lagrangian
which breaks CP -invariance
L = −1
4
F aµνF
aµν +
θg2
32π2
F aµν
∗F aµν +
1
2
DµΦaDµΦ
a − V (Φ), (173)
we can now apply a a gauge transformation in the direction of the unbroken U(1), i.e. in
the direction of Φa:
δAaµ =
1
vg
DµΦ
a, (174)
δΦa = 0, (175)
then we can apply the Noether’s method and find that the conserved charge associated to
this transformation is
N =
e
g
+
θgm
8π2
, (176)
where (e,m) are the electric and magnetic charges respectively. Requiring U(1) invariance
e2πiN = 1 we find that the electric charge is
e = ng − θg
2
8π2
m = ng − θWg
2π
, (177)
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where we have taken into account the relation between the magnetic charge and the winding
number. Equation (177) implies the important result that for θ 6= 0 there are no electrically
neutral monopoles.
5.2 Dyons and K-theory
In the moduli space fo monopoles, the electric charge appears as another coordinate. In
particular, the charge one monopole moduli space of monopoles with fixed centre is
M = R3 × S1, (178)
where the R3 piece corresponds to the group of translations and the S1 corresponds to
the fibration of the global U(1) gauge group, so that motions along this fibre generate the
elecrtic charge. This extra S1 fibration also produces the desingularization of the moduli
space.
A usual mechanism in string theory is the promotion of gauge symetries to space-time
simetries of some internal manifold. Therefore, the proposal of this section is promoting
the S1 fiber to a space-time coordinate [14, 29]. Then this moduli space resembles the
construction of section 2.5.1 for K−1.
Let us take the K-group as K(R3 × S1) = Kcpt(S3 × S1). Then, from section 2.2,
this is the same as K−1(S3). This is precisely the relevant K-group for the D6-brane and,
moreover, it is associated with a π3. This homotopy group is important since, in the
presence of a non-vanishing θ, the gauge transformation defining the electric charge has a
non-trivial winding number in it.
The message of this construction is that the existence of an electric charge for the
D6-brane should be considered as a trace of the eleventh dimension.
5.3 Dyons in String Theory
In string theory we can also find dyonic states, now carrying (electric) winding and (mag-
netic) KK charges. In this case, dyons exist as a prediction of S-duality and must have the
same degeneracy as a purely winding state [51].
Let us take the vector
~α =
(
p
ω
)
, (179)
where p denotes the momentum and ω the winding along the compact direction of space-
time. In turn, we can take
L~β =
(
0 1
1 0
)
~β =
(
nk
nH
)
, (180)
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where nk is the KK-charge, nH is the H-monopole charge and L is the metric on the
momentum and winding lattice along the compact direction.
S-duality acts on these states by means of an SL(2,Z) matrix as(
~α
~β
)
−→
(
a b
c d
)(
~α
~β
)
, (181)
where ad− bc = 1 and a, b, c, d ∈ Z.
We can take an initial state with one unit of winding charge, the S-duality produces:{
~α =
(
0
1
)
, ~β =
(
0
0
)}
S−→
{
~α =
(
0
a
)
, ~β =
(
0
c
)}
. (182)
Therefore, S-duality implies that it is dual to a state carrying electric-winding and
magnetic-Kaluza-Klein charges.
The analogy with the field theoretic dyons can be seen as follows. Take the state
(n,W) = (1, 0), which corresponds to a W+, then we have(
1
0
)
−→
(
a b
c d
)(
1
0
)
=
(
a
c
)
, (183)
so this duality requires the existence of states with (n,W) = (a, c), which for c = 1 are the
dyonic excitations corresponding to the charge 1 BPS monopole of the previous section.
5.3.1 KK-monopoles
A solution in string theory that possesses naturally a KK-charge is the KK-monopole, that
takes the form [84, 85]
ds2 = dy2 + ds2TN , (184)
with ds2TN the self-dual Taub-Nut metric [86]
ds2TN = U [dx4 + 4m (1− cos θ) dφ]2 + U−1
[
dr2 + r2
(
dθ2 + sin2 θdφ2
)]
, (185)
where x4 coordinate is known as the Taub-NUT coordinate and is periodic of period 2π
due to the fact that it represents the isometric direction, but this has also one advantage,
and is that this periodicity cancels the Dirac singularity of the metric, reflecting the fact
that it is neccesary an isometric direction for the existence of this solution, and U is an
harmonic function in Taub-NUT satisfying the following boundary conditions
U−1 →
{∼ 1
r
, |x| → 0,
1, |x| → ∞, (186)
and can be taken to be
44
U =
(
1 +
4m
r
)−1
(187)
The set of bosonic zero modes of the KK-monopole is not big enough to contain the
dyonic degree of freedom. However, Taub-NUT we have an extra zero mode associated
with pure gauge transformations of the B-field that are non-vanishing at infinity. This
2-form can be taken as, [51]
B = αd
(
r
r + 4m
σ3
)
, (188)
with σ3 =
1
4m
[dx4 + 4m(1− cos θ)dφ]. Obviously, the pure gauge field (188) is non vanish-
ing at r →∞. Moreover, it is a zero mode since it is proportional to the unique harmonic
two form in euclidean Taub-Nut space.
In references [51, 52], it was pointed out that the previous derivation of the dyonic
charge of KK-monopoles in string theory is very much similar to the characterization of
the moduli space of BPS-monopoles in SU(2) Yang-Mills-Higgs gauge theories. In this case,
the pure U(1) gauge transformation eiαΦ(~x)/|Φ(~x)|, with Φ the Higgs field and α ∈ [0, 2π]
is non vanishing at infinity in the monopole background. The parameter α defines the
coordinate on the S1 fiber of the moduli space M1 = R3 × S1 and the motion along this
fiber generates the electric charge of the monopole that is defined by the corresponding
conjugate momentum.
In the KK case we observe that continous changes of α in (188), i.e. a one parameter
family of type B(t) = α0td
(
r
r+4m
σ3
)
generates a non vanishing H field with winding charge
proportional to the conjugate momentum α0 [51].
The analogy between the dyon effect for the KK-monopoles in string theory and the
dyonic charge for BPS-monopoles can be pushed a bit further. For instance, in the BPS
case for the ’t Hooft-Polyakov SU(2) monopole, the relevant homotopy groups are
π3 (SU(2)) = π2 (SU(2)/U(1)) = π1 (U(1)) = Z. (189)
The gauge transformation eiαΦ(~x)/|Φ(~x)| we have used to generate the dyon zero mode is
for α = 2π a non trivial gauge transformation in π3 (SU(2)) with winding number equal
to minus the magnetic charge of the monopole. as we have seen in section 5.1, this fact
is crucial in order to derive Witten’s relation between the dyon electric charge and the
instanton Θ vacuum angle [82].
In this case, the role of this π3 is played by the winding
1
16π2
∫
S3
ω, (190)
for S3 the boundary defined by the Hopf fibration and ω the totally anti-symmetric part
of the spin connection [32]. This winding is known as the K-charge of Taub-NUT and is
proportional to the NUT charge of the gravitational instanton. This spin connection can
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be written as F ∧k where F is the field strength of the KK vector field and k is the Killing
vector along the compact direction.
It is interesting to relate this result with the heterotic KK-monopole. In this case
the winding is given in terms of the integral of the Lorentz-Chern-Simons form which
contributes, by anomaly cancellation arguments [88], to the field strength of the antisym-
metric tensor field Bµν and (190) becomes proportional to the H-charge
∫
S3
H . Moreover,
the H-field defined by ω is equal to K ∧ B for B given by (188) with α = 2π and where∫
S1
K = 2πR is the lenght of the S1 fiber at infinity.
Therefore, notice that the winding number (190) only depends on the Taub-Nut geom-
etry and is the same for all string KK-monopoles, and, as we will see in sections 5.5.1 and
5.6 how it can be related to the antisymmetric tensor B-field and its gauge transformations
used to define the dyon zero mode. The relation with the cancellation of anomalies is
explored in [26]
The physics underlying the process can be stated as follows [52, 83]. In ten dimensions
a KK-monopole metric is given by R5,1 × N4, where N4 is the self-dual euclidean Taub-
NUT space. The boundary of N4 at spatial infinity is the 3-sphere, S3, interpreted as
the Hopf fibration of S1 on S2. In string theory we can consider winding states on S1
which, due to the fact that π1(S
3) = 0, can unwind in the presence of a KK-monopole.
Conservation of winding charge implies that the KK-monopole must carry winding charge5.
After standard KK reduction this winding charge becomes electric charge for the Bµ4
(µ = 1, 2, 3) component of the B-field along the compact S1 direction.
5.4 D6-branes and KK-monopoles
Now that we have explored the stringy KK-monopole, we can proceed to our next step,
which is the study of the eleven dimensional KK-monopole and its ten dimensional coun-
terpart, the D6-brane. In order to characterize properly the solution, let us start with the
11-dimensional superalgebra [89]
{Qα, Qβ} =
(
ΓMC−1
)
αβ
PM +
1
2!
(
ΓMNC−1
)
αβ
ZMN +
+
1
5!
(
ΓMNPQRC−1
)
αβ
ZMNPQR, (191)
where due to the fact that the non-trivial representation of the Clifford algebra is inherited
from the one in ten dimensions, its dimension is 2(D−1)/2 = 210/2 = 32, so Qα is a Majorana
spinor with 32 real components, C is the charge conjugation matrix, PM is the generator
of translations and ZMN and ZMNPQR are the central charges. The indices run over
α = 1, .., 32 and M = 0, .., 10.
5For a K-theory discussion of this phenomena, see reference [87]
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The purely spatial components of the central charges of the superalgebra can be associ-
ated with extended objects. However, more interesting for us are the temporal components
of these central charges [32]. In general we can take
Zˆj1...jp =
1
(q + 1)!
ǫj1...jp0i1...iqZ
0i1...iq , (192)
which, for the central charges of (191), can be written as
Zˆj1...j6 =
1
5!
ǫj1...j60i1...i4Z
0i1...i4, (193)
Zˆj1...j9 =
1
2!
ǫj1...j90iZ
0i, (194)
which indicates the existence of some kind of M6 and M9 branes. In this chapter we are
concerned with this M6-branes.
Imposing the condition 〈{Qα, Qβ}〉 = 0 we can see how many supersymmetries are
preserved. Let us choose a configuration in which only P0 and Z0789# (where # indicates
the eleven dimension) are different from zero, while all the other bosonic charges vanish.
Then
{Qα, Qβ} = P0
(
1− Γ789#q˜5
)
, (195)
where q˜5 = Z0789#/P0.
The matrix
(
Γ789#
)2
= 1, and so it has two eigenvalues ±1 and null trace. On the
other hand, been the l.h.s of (195) a quadratic form of Majorana spinors, it is always ≥ 0,
so we must have |q˜5| ≤ 1, which becomes equal to one when we saturate the bound, and
then the condition for unbroken supersymmetry becomes
Γ123456ǫ = ±ǫ. (196)
which implies that this M6-brane preserves half of the supersymmetries and should be
associated to a 7-form in 11-dimensions. However, here we find a problem, namely, that
there is no such a 7-form in D = 11 SUGRA which could be used as gauge potential for
this object, at least on Minkowski space.
Fortunately, this is not the end of the story, because there is a situation in which this
form may not be trivial and it is to consider a direction compactified on S1 [32, 90]. When
we compactify the eleventh direction, we find
gMN
S1−→

gµν
gµ# ≡ Aµ
g## ≡ φ
, PM
S1−→
{
Pµ
P# ≡ Q. (197)
Now we can look for the magnetic dual of Aµ in D-dimensions, which is easily seen to
correspond to a (D-5)-form. Performing a dimensional reduction in this form we obtain
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Ki1...iD−5
S1−→
{
Pj1...jD−5,
K˜j1...jD−6,
(198)
where the Pj1...jD−5 is related to the magnetic charge of the graviphoton and K˜j1...jD−6 is
what has come to call the K-charge, which is related to the NUT charge.
Summrizing, two gravitational charges in D-dimensions, (P,KD−5), produce two differ-
ent sets of charges when a dimension is compact, namely a pair of gravitational charges
(P, K˜D−6) and a pair of electromagnetic charges (Q,KD−5). With the extra implication
that this eleven dimensional 6-form has to be non-trivial in the presence of a KK-monopole.
Therefore, the metric takes the form
N4 × RD−5,1, (199)
where N4 is the Taub-NUT 4-dimensional self-dual Euclidean space (185), where now, the
Taub-NUT coordinate is interpreted as the eleventh compact direction.
Now we can perform a direct dimensional reduction of this KK-monopole. It would be
interesting to remember that in this kind of dimensional reduction the compact direction is
in the transverse space to the world-volume of the branes, which gives rise to the unwrapped
branes. Moreover, the tensions remain unchanged, while the harmonic function changes as
E10−p → E9−p :
∫ ∞
−∞
dxs[
(xs)2 + r2
](8−p)/2 ≃ 1r7−p . (200)
Taking into account the known relation between M-theory parameters (lp, Rs) and type
IIA parameters (ls, gs) given by the expressions
Rs
lp
= g
2/3
s and l3p = gsl
3
s , the relation
between the coupling constant and the dilaton, gs = e
2φ and the KK-ansazt for the dimen-
sional reduction
ds211 = R
2
s (dx
s +Aµdxµ)2 + ds210, (201)
we find that the ten dimensional descendant of the eleven dimensional KK-monopole takes
the form
ds210 = H
−1/2ds2
(
E1,6
)
+H1/2ds2
(
E3
)
, (202)
with
e−2φ = H3/2, H = 1 +
k
r
, Fm =
∗dH. (203)
Then we see that the metric (202) corresponds to the supergravity solution of the D6-brane
in type IIA.
There is an interesting structure of singularities relating (199) and (202), namely, while
(202) is singular when r = 0, which is interpreted as the location of the brane, (199) is a
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completely non-singular solution of the Einstein equations in eleven dimensions, and the
singularity at r = 0 is simply a coordinate one. To see it, let us take limit r → 0, H ∼ 1/r.
We can take ρ =
√
r to get
ds24 ∼ dρ2 + ρ2
[
dΩ2 + (dy +A)2] , (204)
now, as x4 ∼ x4+2π, the surfaces at ρ constant are 3-spheres, which implies that the metric
is asymptotically E4 in spherical coordinates. However, in the limit r → ∞, the metric
takes the form of the KK-vacuum, so this eleven dimensional metric is a gravitational
instanton:
E(1,9) × S1
KK-vacuum
r →∞
←→
 E
(1,10)
M-theory vacuum
r → 0.
(205)
The most important question here is that we are seeing a process of desingularization
induced by the eleventh dimensional coordinate, and, what is even more relevant for our
purposes, it is produced by the same effect than that for monopoles in field theory, i.e. by
the S1 fiber in the moduli space, now promoted to a physical coordinate.
This process of desingularization is reminiscent of the usual ones described in the frame-
work of the renormalization methods applied to field theory. Namely, we have seen the
process of desingularization of an object by going to strong coupling, which in turn has
allowed us to uncover some hidden structure. In this case, as we are working with purely
gravitational solution, the hidden structure is the own space-time, and a new dimension
has appeared.
Another advantage of this process is that now we can put on precise grounds the eleven
dimensional origin of the fields in the world-volume of the D6-brane. This can be traced
back to the decomposition of the eleven dimensional 3-form of section 3.3. From there
we see that we have a gauge field in (6+1) dimensions and 3 scalars coming from the
translational zero modes. This is the bosonic content of a vector multiplet for N = 1
supersymmetric Yang-Mills in (6+1) dimensions [32, 91], and can be seen as originated by
a wrapped membrane with one of its ends in the world volume of the KK-monopole [92, 30]
(see [93] for an interpretation in terms of cancellation of global membrane anomalies).
Requiring harmonicity in those zero modes in the decomposition of the 3-form of M-
theory that live in the transverse space, we obtain the relation [53]
∇[µVν] = 1
2πα′
Cµν , (206)
which can be seen as giving the gauge transformation for Cµν and establishes the standard
relation between the B-field and the gauge field on the D6-brane, as can be seen building
the corresponding part of the 4-form field strenght as
Gµνij = Cµν∇[iAj] +∇[µAν]Bij
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= Cµν
(
∇[iAj] + 1
2πα′
Bij
)
= CµνFij. (207)
When the Cµν is integrated, gives rise to the F +B term of the Born-Infeld theory of the
D6-brane. Moreover, since the holonomy group of Taub-NUT is SU(2), in order to obtain
a normalizable Cµν , we must require for it to be an anti-self-dual tensor [53].
There is an extra condition which we have not used, and it is that the field strenght of
the 3-form of M-theory, G, has to be zero. From (207) one obtains the following relation
between the fields on the world-volume
1
2πα′
B + dA = 0, (208)
which trivially implies that the B-field is flat, i.e. its topological classification lies in
[H ] ∈ Tors (H3(X,Z)) [30].
5.5 The D6-brane as a dyon
Let us now work this analogy between KK-monopoles and BPS-monopoles. The dyonic
nature of the D6-brane as a ’t Hooft-Polyakov monopole for the open tachyon condensation
derives from the fact that the gauge transformation eiαT (~x) is non vanishing at infinity and
for α = 2π is topologically non trivial in π3 (U(2)).
The K-theory description of D6-branes as ’t Hooft-Polyakov U(2) monopoles imply that
they can carry dyonic charge. Our goal now will be to understand this dyonic charge from
the point of view of D6-branes as M-theory KK-monopoles, when the S1 is Hopf fibered
over space-time [29].
Similarly to the case of the KK-monopoles in string theory, we should look for some
non trivial gauge transformations non vanishing at infinity. In the case of M-theory KK-
monopoles, these transformations are going to be gauge transformations related to the
3-form field C. However they will not transform the whole 3-form, because there is only
one normalizable harmonic form in the Taub-NUT space and it is a 2-form, so we should
consider the decomposition of the 3-form in this space.
In section 5.5.1 we will see that this dyonic charge is, again, topologically related to
a non vanishing winding number in π3, which we may write as associated to a 3-form
proportional to the volume of the S3 at infinity
Ω = αω3, (209)
and, after an appropiated normalization, this winding number is simply
∫
S3
Ω for α = 2π.
We can now give a nice gauge theory meaning. In fact, if we assume that the M-theory
3-form C can be written as a Chern-Simons 3-form for a E8 gauge field theory plus the
gravitational Chern-Simons term [76, 94, 95, 77] then we can easily relate
∫
S3
Ω to the
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topology of the M-theory E8 vector bundle. In fact, if we work with the strength 4-form
G of C and use the relation [95] [
G
2π
]
= w(V )− l
2
, (210)
where l = p1/2, [G/2π] denotes the cohomology class of G/2π and w(V ) is the second
Chern class of the E8 vector bundle V, we observe that for a four dimensional euclidean
Taub-Nut space, which has vanishing first Pontryagin number, the cohomology class of
G is completely determined by the M-theory E8 vector bundle. Thus we are tempted to
conjecture that the π3 associated with the dyonic properties of the KK-M-theory monopole
are directly related with the second Chern class of the formal E8 bundle defined on the
M-theory eleven dimensional space-time [29].
Let us just point out that it is very natural to associate the heterotic 5-brane with the
non vanishing π3 (E8). However, in this case the gauge theory is part of the closed string
spectrum of the heterotic string. Probably a heterotic origin of closed string gauge fields
can be a good hint to unravel the deep physical meaning of the gauge theories appearing in
the K-theory description of D-branes, in accordance with the exposition made in sections
4.2 and 4.5.
We have argued that the S1 fiber of the moduli space6 of the D6-brane as a ’t Hootf-
Polyakov monopole would have a nice interpretation in terms of the extra M-theory di-
mension. However, the D6-brane is not really allowed to move in this direction.
The connection between the M-theory extra dimension and the topology of monopole
moduli space can be considered from a different point of view. Namely, if we consider k
monopoles, the moduli space
Mk = R3 × S
1 ×M0k
Zk
, (211)
is such that [45]
π1 (Mk) = Z, (212)
which comes from two facts. First, in a particle like approximation we will get (M1)k,
with π1 = Z
k. Secondly, π1 (M0k) = Zk. Thus we get from (211) π1 (Mk) = Z. For a
KK-monopole of charge k, the boundary looks like S3/Zk, with π1 (S
3/Zk) = Zk. On the
other hand, for each KK-monopole we have an harmonic 2-form which produces Zk. When
we combine the two facts, like in the characterization of π1 (Mk), we get Z as a final result
(see [87] for a discussion in terms of singletons).
6More generally, the S1 fiber of the multimonopole space Mk = R3 × S
1
×M
0
k
Zk
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5.5.1 Electric and magnetic charges of the D6-brane
Let us now compute the charges of the system, [30]. Taking (185), we can write the KK
vector potential and its field strength as
A(1) = 4m(1− cos θ)dφ, (213)
F = dA = 4m sin θdθ ∧ dφ. (214)
From here one can compute the NUT charge as
N =
1
8π
∫
F = m, (215)
which is set from boundary conditions [53] to be m ∝ lseφ0 , where φ0 is the boundary value
of the dilaton of the type IIA string theory.
The magnetic charge of the monopole can be computed from the integral of the totally
antisymmetric part of the spin connection minus the background ω = F ∧ k, where k =(
1 + 4m
r
)−1
(dx4 + 4m(1− cos θ)dφ) is the Killing vector representing the isometry, which
equals
ω = 4m sin θ
r
r + 4m
dθ ∧ dφ ∧ dx4. (216)
This form is proportional to the volume form of the S3 which means that it can be inter-
preted as a winding number. The corresponding charge is [32]
K =
1
16π2
∫
ω = 4m2. (217)
which is the quantity playing the role of the π3 mentioned in section 5.3.1.
The metric (185) is self-dual, i.e. Rαβγσ =
1
2
ǫαβηπR
ηπ
γσ, which implies that the mass of
the solution is equal to its NUT charge, and has a positive orientation [86] defined by an
orthonormal frame eA =
{
ex
4
, ea
}
which can be chosen in such a way that
eAMe
B
NηAB = gMN , eˆ
a
µeˆ
b
νηab =
(
r + 4m
r
)
gµν (218)
with
ex
4
=
(
r
r + 4m
)1/2 (
dx4 + 4m(1− cos θdφ) , (219)
ea = eˆaµdx
µ, (220)
where we have (x4, a) denote the flat coordinates and (x4, µ) the curved ones.
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Let us now compute the effects of the eleven dimensional 3-form. We only need the
part of it living in Taub-NUT so, once again, we turn to the decomposition made in section
3.3 and work with the 2-form Cµν and the 1-form Vµ. Using (206), we observe that the
2-form Cµν is a pure gauge. It is this pure gauge 2-form the one that is playing for the
eleven dimensional KK-monopole case the same role that a pure gauge 2-form B in the
case of the ten dimensional KK-monopole. In this sense we will define the electric charge
as associated with Cµx4 where the coordinate x
4 is the one of the S1 fiber of the Hopf
fibration.
Let us stress that the main difference with the dyon effect for the ten dimensional
KK-monopole is that we need to project the M-theory 3-form C on the world-volume
coordinates. Moreover, the fact that the so defined 2-form is a pure gauge is reflecting the
gauge invariance of the world-volume BI lagrangian.
Thus, in order to compute the electric charge, we parametrize the Vµ as in [53]
Vµ =
(
f1(r), 0,
1
2
f2(r) cos θ, f2(r)
)
, (221)
which can be seen as a linear combination of the vierbeins (219). Therefore, using the fact
that f2(r) is given in terms of the NUT potential U , we have the vector potential coming
from Cµν as
A(2) = Cµx4 =
α
(r + 4m)2
dr. (222)
where α is a dimensionfull constant which will be determined in the next section. Dualising
this form we find
C(3) =
∗Cµx4 = 3α
(
r
r + 4m
)2
sin θdθ ∧ dφ ∧ dψ, (223)
which is again proportional to the volume of the S3. The integral of this form gives the
(Julia-Zee) electric charge of the KK-monopole.
Notice that the S1 part of the dyon moduli space is related to large gauge transforma-
tions of the 2-form Cµν .
5.6 Reconstructing the moduli space
In this section we have argued that, as K-theory predicts, the D6-brane does have electric
degrees of freedom which we have associated to the eleven dimensional 3-form. However,
we have said nothing about the gauge group that SUGRA is seeing. To find it we can
look for the transition functions defined by the vector fields A(1) and A(2) and their gauge
transformations.
Mathematically, the moduli space of ’t Hooft-Polyakov monopoles can be reconstructed
as follows, [45]. Consider the Hopf bundle H over S2. For a charge k monopole, the
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direct sum Hk ⊕H−k defines another bundle over S2 which can be extended radially over
R3 − {0} = S2 × R+. This construction gives an SU(2) bundle with transition functions
kαβ : Uα ∩ Uβ −→ SU(2), (224)
where
kαβ =
(
gαβ
hαβ
)
, (225)
and where
(gαβ , hαβ) : Uα ∩ Uβ −→ U(1), (226)
are the transition functions for the (magnetic, electric) bundles. In ten dimensions, these
bundles are the corresponding to the KK and H-monopoles respectively. In eleven dimen-
sions, they correspond to the KK and C-monopole7.
In order to fix ideas, we need to get the right description of the differential forms
involved, and the first step in this direction is the determinationi of the normalization
constants. This can be done comparing the actions in eleven and ten dimensions. Let us
begin with the bosonic part of the eleven dimensional supergravity
S11 =
1
l9p
∫
d11x
√−g
(
R − 1
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(
dC(3)
)2
+
√
2
2732
1√−gC
(3) ∧ dC(3) ∧ dC(3)
)
, (227)
where, in lp units, the dimensions of the fields are
[dx] = [d] = 0, [R] = −2, [√g] = 11, [gMN ] = 2,
[
C(3)
]
= 3. (228)
Let us firstly look at the magnetic part. In the dimensional reduction, we find the
following term in the action
SIIA =
1
(2π)7l8s
∫
d10x . . .−
√−g
4
(dA)2 , (229)
from where it is not difficult to see that [A] = 1.
On the other hand, the magnetic potential takes the form
Aµ = k
gµ 11
g11 11
= k4m(1− cos θ)dφ, (230)
where k is a dimensionless constant, as is obvious because [m] = 1 and so already [A] = 1.
So there is just a numerical factor that we can fix to 1 with no lose of generality.
7we assing this name to the monopole coupled to the eleven dimensional 3-form.
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For the 3-form we proceed more carefully. On eleven dimensions, there is a coupling to
the membrane of the form
SM2 =
gM2
3!
∫
C(3), (231)
where, due to (228), [gM2] = −3, so we will take gM2 ∝ l−3p . Now, because of the existence
of the D6-brane, we have separated components for the 3-form, each one carrying different
dimensions. We will impose [A] = 0, and the relation between the other fields, equations
(206) and (208) sets
[B] = 2, [V ] = 1, [C] = 3. (232)
By setting a trayectory for the wrapped membrane such that (θ, φ) are constant, we can
determine the dimensionfull constant α in which depends Cµν as
α =
3
8πgM2
. (233)
The transition function for the SU(2) bundle is then constructed from the U(1) valued
transition functions of these two complex line bundles as (gαβ, hαβ), where gαβ corresponds
to the gauge transformation for (230) and hαβ were computed in (104). Taking into account
the 1/α′ factor and the relation m ∝ lseφ0 and that a complex line bundle, L satisfies
L−1 = L∗, they can be written in r →∞ limit as
(gαβ, hαβ) = (e
i8mφ, e−i8mφ), (234)
where 0 ≤ φ ≤ 2π is a polar coordinate in Taub-NUT.
Therefore, from equation (234) we conclude that the eleven dimensional monopole, or
its ten dimensional counterpart, the D6-brane can be seen as a non-abelian monopole for
a Yang-Mills-Higgs theory with SU(2) gauge group. This implies that supergravity is not
seeing the whole U(2) K-theory group8.
That this is indeed the case, we can use a spin from isospin construction (see [26] for
more details), by embedding the spin connection (216), which has gauge group SO(4), in
one of its SU(2) invariant subspaces. This can be done by means of the ’t Hoot symbols
[98]
η¯i
ab = −δaiδb0 + δa0δbi + ǫijkδajδbk, (235)
where i, j, . . . are SU(2), the µ, ν, . . . are space-time and a, b, . . . are frame indices, so the
gauge field is
Aiµ =
1
2
ηiabωµ
ab. (236)
8see [26] for a discussion on this U(1) factor.
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Computing the components of the gauge field (236), we find that
Aix4 = 4m
(r + 4m)2
dr, (237)
Aiµ =
(
0, δi3, δ
i
2 sin θ
) 4m (K(r − 4m)− 1)
r
, (238)
up to normalization, where
K(r − 4m) =
(
4m (1− cos θ)
r sin θ
)2
+ 2 (239)
In (237) we see that the temporal component9 of the gauge field is precisely the field
(222) and, therefore, this embedding reveals the eleven dimensional 3-form as the origin of
the electric charge.
6 Final remarks
In this paper we have reviewed the classification of RR-charges in terms of K-theory mainly
focusing in the effects of the B-field. We have seen that although different arguments say
that this is the right classification, there are still certain unsolved subtleties. However,
all of them seem to be surrounding the fact that there is a lack of a proper physical
interpretation.
Focusing on the D6-brane, we have dealt with the deep relation between K-theory and
eleven dimensions, given in terms of the eleven dimensional 3-form C(3). This allowed us to
reveal the electric degrees of freedom of this soliton in terms of the dimensionally reduced
3-form. Reversing the argument, we can conclude that the electric degrees of freedom of
the D6-brane reveal the existence of the eleventh (compact) dimension.
The relation between our results and the eleven dimensional 3-form can be related
to those of [76, 77], where it was proposed that the topological sectors of the K-theory
partition function in string theory and that of M-theory on the geometry X × S1 are
equivalent if the eleven dimensional 3-form C(3) is a Chern-Simons form for an E8 group.
Concerning this point we have argued that the trace of an E8 group in ten dimensions
can be seen when we include the effects of non-torsion B-fields in the world-volume of a
system of an infinite number of unstable D9-branes, in terms of its loop group LE8, which
is in accordance with previous arguments on this subject (see [77]).
Therefore we may conclude by saying that it seems that there is a heterotic origin of the
closed string sector of string theory and that a proper physical interpretation of K-theory
needs a precise interpretation of the closed string vacuum and its instabilities.
9this component is called the temporal one in an abuse of language. However it is the NUT coordinate
and plays the same role in this gravitational set up as time in the field theoretical construction.
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